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Mechanics of Continuous Media
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4.1 Introduction : .
r universe there are different forms for different ma

Elastic Solid : Inou .
. . 14 . . n_v
forms there are different theories of elastic, plastic, viscoelastic bodies, viscous, no . - Ofstrain remson o
i ium i ic if stre . 1tinuous functio
alled elastic i sresstensor is  continors 1oL g
A continuous medium is ¢ if N st ol

: : ai 0.
that stress tensor automatically vanishes when strain tensor becomes zer: i
ses causing the deformationare

material thus recovers its original shape and size completely whenever all stres s from st

removed. In this case strain is fully recoverable. The property by which a cont inuo

is called elasticity. d) which
. : wood) whic
Next we define a linearly elastic solid to be a continuous material (such as metals, concrete,
h that every stress

undergoes very small change of shape when subjccted to forces of reasonable magnitude suc
component is a linear function of all strain components. It has a natural shape to which it will return wheneverall

forces causing the deformation are removed provided the forces are not too large. Also it is restricted to the case

in which deformation and gradients are small.

To understand the mechanical behaviour of solid, we
consider a thin steel .rod subjected to a variable tensile stress 7. T’ T
will produce an extension e. If Tis plotted as a function of e, then i -y  —
adjacent figure will be obtained. If T'is increased to D so that D Ag-" " T ~‘,
extension lies within O4, and T'is removed then same line OA is A 4 ,QB
retraced, so that there is no permanent deformation or extension A (4 /4 :
and the rod retumns to its original length. Then rod exhibits elasticity , N
and greatest stress OD is called elastic limit of the material. If T'is o | C e

increased beyond D such that extension goes from A4 to Band T
is removed, the line BC is retraced, not the curve B40, so that there is a permanent extension or plastic strain OC

after the removal of 7.. In this case rod does not fully recover its original length completely. The rod exhibits

plasticity.
Thus the behaviour of linear elastic material is subjected to the stress within proportional range 04

4.2 Objectives :
In this module, the students will learn about elastic solid and the general concept of stress-strain relation.

Wave equation etc.
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Hooke's law :

— . e

Foralinear elastic solid, the strain deformation of'abody which gives rise to stresses and the stresses are

linear function of infinitesimal strains, So, we can write

| T,=B,+Cye,
Since T, =0, when al] e, =0, andthen B, =0,
Ty = C".“c“,(i,j,/c,l = 1,2,3) e (1)

This relation between stress and strain is known as generalized Hooke’s law for linear elastic material.

The coefficients Cyu are called elastic constants or elastic moduli of the body since they characterise the

. clastic properties of the body. The el

astic solid is said to be elastically non-homogeneous or inhomogeneous if
these el

astic constants vary from point to point of the medium, and if the elastic constants are the same for all points
of the medium then it will be called clastically homogeneous. For an example mild steel is homogeneous whereas
reinforced concrete is non-homogeneous. 5‘#

&7 - .. 5 .
Note : Weobserve that C,, form fourth order tensor, known as ‘elasticity tensor” and it has 3¢ = g1 components.
e Bl LI5S0

Now

(Cllll CllZZ CI133 CllZJ CIIJI CIHZ CIIJZ Clll3 CllZlW
C22| 1 C2222 C223J C2223 C223| C’22|2 C2232 C‘2213 C222|

(Cff“ ) =

\CZIII C2|22 C2133 C2123 C2131 CZIIZ C2|32 C2113 CZIZ]/
Again, since T =T}, so from (1) we get Cye, =Ce, ie., Cy = Cou-
1 1
Also C,, = E(C”“ +Cyy )+5
/"

i
here C;,, = C;,, and Cj;, =-C;
where Cyp = Cyy and Cy, ijlk 3

CL)xL - Cji AL

_ i
(Cuu - Cijlk ) = Cijkl +Cyu» SBY

Which gives C;,, =C,,, = Cy, =C,,, forsymetryof T and e,,.

Hence Cj, has 36 components instead of 81. The matrix of the coefficients Cy, takes the form
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Mechanics of Continuous Media
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Fquation (1) is generatlized Hooke'slaw or stress-strainrelation or constitutive equation of lincarly etz

sobd.
45  StrainEn ergy :

Physically when an elastic body is under the action of external surface forces, the body deform and externsy
surface forces that act o the body do a certain amount of work. The work done in straining such an elastic body
from the configuration of unstrained state to the present state by surface force is transformed completely into tke
potential energy stored in the body. This potential energy is due to deformation or strain only. It is called straig

4.6  Existence of Strain Energy Function :
The principle of conservation of energyi.c., first law of thermodynamics gives

de
pd_tzy;dy—qrj+ph ---------- (2)

where e=intemalenergypcrunitmass,

de
p; = I;dy + Ph ........... (3)
Now, for small strains we have
d, = é
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dt
Hence (3) reduces to,
T:jey p(e-Ql) .......... (4)
Now we introduce

U=p,e and Q= p,0,-eeeee (5)
Here, Uis the internal energy per unit volume of the unstrained state of the body and Q is the quantity of
heat produced from internal sources per unit volume of the unstrained state. So, (5) takes the form

T, =p£(U_Q') ........ 6)

0

p_dly_ nmx) o] |
B t —= = = l=lu. 5 =Uu.. 1. f lldl 1 ts
; Po dv a(XlanXz) aX]\ \ul'j_,r "\ u"'+ (orsma Splacemen )

For small displacement gradients we have £y, i,e., p = p,. Then (6) reduces into

Po
Ty =U 0 w0 @)
Hence first law of thermodynamics gives the above result.
Again, from the second law of thermodynamics, we have

. 00 oS
= —_—= T —_—
ot EYRON (8)

where Sis the entropy and T'is the temperature per unit volume.
Ifthe change of state from one configuration to another takes place adiabatically, then the change takes
place so rapidly that there is no time for the heat generated to the dissipated. This is referred as adiabatic process
and consequently () = 0, Hence (7) gives

T,e,=U
o, Tde =dU... )

which shows that L.H.S. of (9) is an exact differential as R, H.S. is. So, there exist a function W such that |
T, de,=dW ... (10)
Wwhere Wis the internal energy of the body.
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Ifth ich the change i W €nerated
) € change of state takes Place isothermally in which the change is so slow that heat generateq g f
€nough to be diec i Incontin ¥
dissipated so that temperature of the body remains constants and the body is in continued equiliby e
Um

of tem: .

Perature with Surrounding bodies, and consequently

| g =T=0

ot
Then (8) becomes
oS _oT 0
L 0=TZ S22 (1S) (11)
. e 0 ot ot
liminating Q from (7) and (11) we get
_ OF
];e”_E[U—TS]Z_GTzF’ $aY, .......... (12)
where F=[/_

TS, is the Helmholtz s free energy.

~T,de; = dF (using (12)) ....... (13)

which sho i i
wsthat LH.S. isan exact differential, Therefore, there exist 2 function # such that

2e,, =2e, =6,
2e, =2e), =¢,.
Then, we have,
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Tde, =dW (i=1,2,...,6) ........ (15)

Now Tide, =T,de, re presents the work done per unit volume at a point by all surface forces, and

erefore dJ¥ represents the work done per unit volume. If W is a function of independent variables ¢, e, ,

cn

..... 5L

dW = 6_W de, coerninn. (16)
De,
S Tde = a—W~ de,
Oe,

oW
T =—(i=1,2,..,6) 17
=T — (i 6) (17)

: : ow
Thus, for the both processes (isothermal and adiabatic) there exist a function W with the property T, = L

i

This function W =W (e,, e,,...,€,) iscalled the stress potential or strain energy function for an unit volume of the

elasticbody, as it is the potential energy per unit volume stored up in the body by strain. Equation (16) gives stress

components in terms of partial derivatives of strain energy w.r.t. corresponding strain components:
47 Istropic Elastic Solid :

A linearly elastic solid is known as to be isotropic if it has the same elastic symmetry in all directions.

It menas the strain energy W must be invariant under all orthogonal transformations of co-ordinate axes. That is,in

other words, W is independent of the orientation of co-ordinate axes and hence W must be expressed in terms of
invariants of strain tensor. -

\

| 3w e
. =bl/k1 +Cz/u’ say WA/M . w\w

1
where b, = E(a'j” +aM) =by,

1
and Cpy = -i(auk, -ay, ) ==Cyy
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Mechanics of Continuous Media

T = bye, + CmCu

Also Ciuly = C,'ﬂkezk (lnterchangmg dummy Suﬁixes)

= “CuCn
= —Cyuey (' e, is symmetric)
= Cey =0.

Hence T; = buu,ek/

where b,.j,d = b,',-u
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‘ . der four. For an isotropj
Since 7 and e,, form second order tensor, and hence by, form a tensor of or

elastic medium the elastic constants by

w Temains the same under all orthogonal transformation of co-ord{nates

axes. Thus for isotropic body b, mustbe an isotropic tensor of order four. Therefore, we can

it = A8, 8y + 6,8, + 15,5 g . (18)

—> 7 b

Mhere A, 1,y are constants,

or, 45,6, + 1Oy, +10,0, = 16,6, tUo0, +¥5,6,
o (b =)
or, (ﬂ—},)(ﬁfké‘jl—é‘ildjk):—'o for £

which is true for all values of Lkl
Settingi=1, k=1,j=2, =2 then above relation becomes

(/"'7)(511522 =80,)=0
of, (#-7)=0
Le., /1 =y
Therefore, (18) takes the form

by = 28,6, +p(8,5, +8,6,) e, (19)
Now the generalized Hooke’s law reduces to
L= [’151;'6&1 + #(6‘1'!(5 it 040 )] €y
= Ab‘lje,‘k + ,u(e,,é' 1 te,o jk)

= ,lb‘,je,d, +p(e,j +eﬂ)

write
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| L =A05,+2pe ... (20)
d y /

where 8 = ¢, , isthe first invariant.

Equations (20) are the constinutive eguations or stress-strain relation Sor zn ssensogns T’y St oy

The number of elastic constants, in (20), are only two, namely 7. 2nd 1. Now S sz sy 7 g

T e (‘.'dn':z-;g'g;)

i

19 | =

n W=

=— ( /-.95‘_ +2 'ue" )e;

(S8

-~

20"+ uee,

9| —

[ 3 . s - . A
:;‘/.6 +/J(€;]+e_:::~'es‘:‘+2e_l‘:+7e;+2€1)

Thus strain energy ¥is 2 positive definite form in the strzin €, tziding positive vaines ool /
Theorem : Principal directions of strain 2t each point of 2 linezrly elestic isotropic body 2r= commderr =7 e
principal directions of stress.

Proof. : Let us consider the principal directions of strain 2t 2 point of the medmm 2s coordSrptes zues So i 2,
and 7, be the strain and stress tensors at that point, then we have

g,=0,e.=0,e, =0

Also from the stress-strain relation for the Iinzarly elastic 1sotropic body we heve the consmrtve squsioe

T, =465, +2pue,
~T,=266,+2pe,=2ue,=0
STy =266, +2ue,, =2ue,, =0
ad T, =705, +2ue, =2ue, =0
whichimplimthatmemordhmeaxcsnmsbeahngmep(mm&m:cmﬂﬁswﬁ
ﬂﬁpﬁnﬁpﬁldirecﬁomofstxmsformisounpicbody,dmmmsfamww}'msm&m&cm
between principal direcﬁonofstminmdﬂ»seofmsBoﬂ)mrdmadaspimipﬂm
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Mechanics of CONUIMUOUS Media..................oosovevermessssssssasssssessssssssassssassssassssssissssssssssssssossssssssnnen,,

Note 1. Steel, aluminjum, glass are examples of isotropic material.
- s Crg v O Copt
NoteZ.Amaterialelasticallysvmmetrywrt aplane with 13 elastic coefficients as C196120 631 G169 €21 CgC,
G62Cus G5 g, lscalledmonotmpxcmatenal be orthot
otro
Note 3. A materia] ha“ngﬁlreemmxallyperpcndxcularplan% of elastic symmetry is said to be o pic. Wy

is an example of an orthotropic elastic material and in this case W is given by

1
u —— 2 v 2 2 2, 2
2 [c”e, TCn® +Cy6; e+ +0i8; + 20,66,

+2cllelel +2Cueze}] .
which contains only 9 non-zero elastic constants instead of 13 in case of monotropic material.
Note 4, A materia] with 21 elastic constants 13629613345 C55Ci69C2 9 €235 Cas5Coss €255 C339 Caso G355 G355 C oyt

Cas2Cs5,Co,Cy is called anistropic linerly elastic material. For an example of anisotropic body is provide
Crystal. ’

4.8 Basic Elastic Constants : for Isotropic Solid :
For the isotropic linear elastic matenial, the constitutive equation, is
T,=205,+2ue,
where / and yare two elastic constants, known as Lame s constants.
T, =265, +2ue,
=320+2u0 (- 0=¢,)
o, ©=(32+24)0 where T, =0

Hence, T.=

o, o-v__ "% . @
T 2p 2u(32+2p)

which is the strain-stress relation and known as the inversion of Hooke s law.
A —

Now, in particular, for i=1 ,J=1, we have
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' 2u 2u(3A+2p)

=L.[1 A ] A(Tzz‘*’Tas)

2| 30+2u ] 2u(3a+2p)

NS aanh o T p——

-~

__ Aty T A .
y(3,1+21u)A" 2#(31_'_2#)(]‘22'*']133) ............ (23)

WERWT " TIN, Sa

Let us consider the situation T,=Constant =T, T), =T;; =T,, =T;, = T,, = 0. This state of stress is

possible in an elastic right circular cylinder the axis of which is parallel to x, axis and subjected to an uniform

longitudinal axial tensile loading to both of its ends. Also, the above state of stress satisfies the equilibrium equations
: in absence of body forces at every point in the interior of the cylindrical elastic medium and also satisfies the stress-
| free boundary condition on its laterial surface.

Using (23) in (22), then we get,

e‘ A+p A
=————Te,=¢,=————
: p(BA+2u) "R 2u(3A+2u) | E
€= 0,e,, =0,¢, =0. fat A ‘(hg #
Now, the ratio of the tensile stress T}, to the longitudinal extension ¢, , i.., t”‘}"#“”u‘?‘-‘.‘: & T

Lodlrad - Owéa?m D‘.‘-.

T, T _p(3A+2u)

Constant.
€y €y Atu

R W —

This ratio is called Young 5 modules or modulus of elasticity, and is denoted by E. Hence, by definition

gy

we have

E=M. ......... (25)
A+u

N e L X 2R BF AL 2B

Also, we consider another ratio of lateral contraction to the longitudinal extension, i.e.,

A

L

= Constant.
| e, 2(1+u)
This ratio is called Poisson s ratio, and is denoted by o .
Hence
ghdinde oo e (26) ;
2(A+u) |
|
Directorate of Distance Education 11
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Mechanics of Continuous Media

Now, from (25) and (26) we get

1< Fo
(1+0)(1-20) S @7
;g E
e A (v o) )

Next we consider the state of stress

L,=T,=T,=T,=T, =0, T, =S = Constant

This state of stress is possible in a deformed long rectangular parallelopt

OABC which s sheared in the plane containing O4 and OCbya
shearing stress of magnitude § acting per unit area on the side
CB. Now the stress S would tend to slide the planes of the material
originally perpendicular to OC, the x,-axis, ina direction parallel
to OA, the x,-axis so that the right angle between O4 and OC
will diminished by an angle ¢. This state of stress satisfies the
equations of equilibrium in the absence of body force at every
point in the interior and the boundary condition on the surface.
Now from (22), using (28), we get
| T, S

—_23

e.

Also, from the definition

------------------------------
...........
.........................
--------
----------
--------
--------
.........

ped of square cross-sectioy

23_Z_-z—ﬂ’e]lzen:eﬂ:e]l:e]z:() ........... (29)

2e,, = ¢ =Changeinangle

This ratio is known as shear modulus or modulys of rigidity, and it

isidentical with Lame’s constant M.

Finally consider an elastic body of arbitrary shape subjected to a
hydrostatic stress p distributed over its surface, Also the hydrostatic stress

diminishes the volume of the body. This state of stress possible in such a

12

Directorate of Distance Educatiol
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deformed body is given by
I, =T, = T,, = - p =constant,
Ty=T,=T,=0
The state of stress satisfies equilibrium equation in the interior of body. If 7, bestress vector actingonthe
surface withnormal n,, then
T,("’ =-pn;(i= 15253) e
and hence
T ==pn .. (32)
at cach and every point on the surface. It is obvious that state of stress in (31) also satisfies the boundary
condition on the surface.

Using (31) into (22), we get

L= =6y = ——2-.+ 4P P - constant.
2u° 2u(3u+2u) A+ L (33) -

ey =ep =€, =0.
Now, if @ be the cubical dilatation, then the decrease in volume per unit volume is (-96).
So,

-0=-¢,=—(e, +ey tey)
) B
3A+24

Thus the ratio of the hydrostatic stress to the decrease in volume per unit volume, ie.,

L _ 3A+2p A +_2_,u_ = constant.

-0 3 3 |
This constant is known as bulk modulus or modulus of compression, and is denoted by K. So,

K=A+-2§’i ......... (34)

Also K can be express in terms of £ and o s

I — 35)
. 3(1-20) et

"

3 . 1 3
Directorate of Distance Education
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If K>0, E>0, then we must have from (35)

1
<—-
O<o 2

Again, since 0 < & <% and £>0, then we have 4 >0, 2> 0.
1 i 2wl =
Formostgenﬂ'almalexials o does not deviate from ’3' and if the matenalis ressible
1 E
0=0K >w,0=,4=7 ... (36)
For some solids and rocks 7 = 4 and in this case

5 1
=§p,E=—y:7=_'

K
3 2 4

Now, from (25) and (26), we have

1+0'_ 1
E 24
o A

ad 5= 2u(32+2p)
Hence the stress-strain relation becomes

Scanned by CamScanner



