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Mechanics of C’ontinous Media

..........................................................
.........................................................

Corollary - 1. In a closed circuit C of fluid particles moving under the same conditions as before,

= (VxV)dS =|7i-WdS .
,[ " (V X V) -[ ’ is constant, where Sis an open surface with C as rim.

N
Proof. The circulation along the closed path C, for all timet,is T = 4317 dF = j i (6 x ;7) ds , (by Stoke’s
: [}

S

theorem) which implies that Ifi . (V x F_;)dS = I 7i-WdS = constant as T is constant (under the conditions of
S

S

Kelvin’s theorem).
Corollary - 2. Under the above conditions, if any portion of the moving fluid once becomes irrotational, then it

remains so for all subsequent times.
Proof. Let us suppose that at some instant the fluid on S becomes irrotational. Then ¥ = —V ¢ and hence the

— [ —

vorticity vector W=VxV=-v (V (0) =0 atall points of Sand the last result shows that
2 T=§V-dr = [7-WdS =0 for 7 =0 |
c s

at the glven mstant and hence at all subsequent times.

Thus at any Tater stage
e T [ WS =0

S
e Ifwe ndw take Sto be a non-zero infinitesimal element, say dS, then to the first order 7 - WdS = 0 showing

that in general W 0 at any point of dS, i.e., that the motion stays irrotational.
__Corollary.- 3. With the above conditions, the vortex lines moves along with the fluid,

__Proof. Fora surface S moving with the fluid we have seen that I i-WdS = constant. This mtegralrepresents total

strength of vortex tubes passing through S. Wthh shows that the vortex tubes move with the fluid. By takmg S

”“"‘vamshmgly small, we infer that the vortex lines move with the fluid.

nergy Equation : g,
The txme rate of change ofttotal energy (i.e. sum ofkmetlc potential, intrinsic energlcs) of any portion of the
u1d is equal to the rate of work done by external pressure across its boundaly provided the external forces are

: conservatlve, ie.

Directorate of Distance Education 11
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Mechanics of Continous Media

Li—(TJrW+I)=J‘J‘P(’a"ﬁ)d$’
dt

where T, W, I are Kinetic energy, P otential encrgy,

ac ving W
Proof. Let us consider an arbitrary closed surface Smoving
rmal vector onan clement dS. Let the force

[ntrinsic energy respectively.

ith a non-viscous fluid such that it encloses z ;-
be conservativesothat F = _=,
V. Let 1 be the unit inward drawn no v g
where Q is time-independent scalar potential function.

oQ

So, == = 0 and hence

ot
dQ oQ /(5 = 5
7=§+(V-V)Q=(V-V)Q (1)

Let 7, W and 7 denotes the kinetic energy, potential energy and intrinsic energy respectively. Sincz ) -

force potential per unit mass and hence

W= _[Qdm =I QpdV
4

v :

14

. .. . A d , -
Since elementary mass remains invariant through the motion and so o (pd V) =0.

d
2 d pdy)

ar _1;dlm o prse dd
Now, 2L ==[Z£ .parr/+5£|1/|Z

dt 2 dt

-

=%!V'd7i/-pdV+O‘(.'.lV|2 V.V and i(pdV):O)

dt
aw - _de 4" 40
— =|—pdV+|Q— b2
and dt ',[d! P ! dt _;’: d-l pdV

state in which pressure and density are p; and p,

I=[Epdv
]

respectively, Then

12
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where E = _[:0 pdV = J.:o-\-‘ pd (ij ( p= l)

PN

e DRt
R

dE p

Dﬁzp— - (i)
cdl TR dE
Lo (| & pav +EZL (pav av
dt;idtp (” )] a

& Hence, fma]]y we'have
“"~ : %:l%}pd”, ..;(i\})

ot =PI @

14

R e T S

p——PdV [using (u)] &

JCa Agam the Euler’s equation of motion for conservatwe field is

;dz;—VQ——Vp
B S p
s J”_« S0 L% W=_ 7.V)Q -
5> et A
- 4 -V.’%I;pdV=—[(l7 V)Q:pdV (7-Vp)av

Mechanics of Continous Media
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Mechanics of Continous Media

IntegmtingoverV,
[V ——pdV——j( )deV—j (7-p)dv

ar _ _1 4Q pdV - I (V Vp)dV [using (i) and(m)]

or,

dt 7 adt
4T dW e e

or, E—:—-E—L(V-vp)dv [using (iv)] f
dT  dW e .

or, _d_t\+7=_ V(V-Vp)dV .. (V1)

But we know that the vector identity
3 .(p7)=p7-P+(7-9)p
(

jﬁ-(pﬁ')dhj p(V-7)dv +IV(I7-v)pdV

or, I -n- (PV)dS "——-+I (V V)pdV (using Gauss’s div. theorem and (v), 7i is inward normal)
~[ 7i-(p7)ds +—_j (v V)pdV (vi) | i . TR
Using (vii) in(vi) weget kT o 8 T
dT dw dl /
—<_1'7+7t_=—[ ~[ (pV)dS+dt]

dT dW dI & ~
o, L= [ (PP ) i

which is known as equation of energy of a perfect fluid.

Corollary 1: Energy equation for incompressible fluid. W W,
Proof. In case of incompressible fluid we have T
V-7 =0
So, from(v), we get

o

dt
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ar dw _¢ .
g =i (er)as . (i)

which is the equation of energy for incompressible fluid.
Corollary 2: Energy equation for incompressible fluid within the fixed boundary
Proof. Ifthe fluid is bounded on all sides by fixed boundary so that the fluid moves only tangentially over the
surface, i.e., there 1s no normal flow across the boundary, then #i-V =0 atevenpointon S.

Now from (ix) i.e., equation ofenergy for incompressible fluid, we get

d - _
2 d_f d;W I (pV)dS:O
2 - d(T+W)
Le. :1; L=

o, T+ W=contsnt

- Hence, if 1ncompre551ble fluid is contained w1th1n a ﬁxed boundary, the sum of its kinetic and potential
energles remain unchanged with the passage of time. :

———— -

-

6.13 Kelvm s Minimum Energy Theorem:

" The irrotational motion of an incompressible fluid occupying a sunply connected region has less kinetic
“energy than any other motion of the fluid for which fluid has on the boundary same normal velocity as irrotational
motion. |
Proof. Let us consider an incompressible fluid occupying a simply-connected region ¥ bounded by the closed
- surface S.Let P be density of the fluid, 7'the kmetlc energy of the ﬂu1d movmg irrotationally in which u, v, ware
| components of fluid velocity. Then

——

|V| pdV——pJ. u’+v: +w )dV . ()

Smce the fluid motion is nrotatlonal with velocity potentlal @ , therefore,

4

V=V
X ie. u=;a~¢, v_—gg w:—éﬂ (ii)
- ax ay 52 ...... n
at everywhere,
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