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Abstract

With the great advances in ancient DNA extraction, genetic data are now obtained from
geographically separated individuals from both present and past. However, population genetics
theory about the joint effect of space and time has not been thoroughly studied. Based on the
classical stepping—stone model, we develop the theory of Isolation by Distance and Time. We
derive the correlation of allele frequencies between demes in the case where ancient samples are
present, and investigate the impact of edge effects with forward—in—time simulations. We also
derive results about coalescent times in circular and toroidal models. As one of the most common
ways to investigate population structure is principal components analysis (PCA), we evaluate the
impact of our theory on PCA plots. Our results demonstrate that time between samples is an
important factor. Ancient samples tend to be drawn to the center of a PCA plot.
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1. Introduction

Geography plays a central role in the pattern of genetic differentiation within a species.
Seminal work on describing the evolution of continuous populations was done by Wright
and Malécot. They studied genetic differentiation and inbreeding in continuously distributed
populations [1, 2]. The resulting idea is that, under the assumption of local dispersion,
genetic differentiation accumulates with distance. This pattern of genetic structure is called
Isolation—By- Distance (IBD), which is detected by computing measures of differentiation
such as Fsr[1, 3, 4], or correlation coefficients [5, 6]. Understanding the effect of
geographic distance on population structure is an important task for population geneticists,
as it is a source of neutral genetic variation [7, 8]. Furthermore, IBD has been observed in
humans and many other species [9, 10, 11, 12, 13].

The role of geography in neutral genetic variation has been widely studied partly because of
the many population genetic studies of individuals sampled from different locations in
present—day populations. Because of the development of methods for sequencing DNA from
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fossils, genomes of individuals alive at previous times are now available to bring new
information about the evolutionary processes that affected a species in the past. Since the
first studies of ancient DNA (aDNA) three decades ago [14, 15], techniques to retrieve DNA
molecules from ancient bones have tremendously developed [16].

In modern evolutionary biology, the similarity of differentiation in space and time has been
recognized [17, 18, 19]. Theoretical developments predict the effect of time on Fgrand
related quantities [20]. Epperson [21] studied patterns of isolation by distance and time in
ecology by using stochastic spatial time series and identity by descent probabilities.
However such theoretical studies remain scarce.

The effect of separation in time can be studied using classical statistical methods in
population genetics, such as principal component analysis (PCA) [22]. PCA is widely used
to determine relatedness between individuals, and is a convenient way to represent
geographic patterns [23]. But PCA can also capture the differentiation between ancient and
modern samples: the percentage of variance explained by time can be expressed on the same
scale as the percentage of variance explained by geography [20]. Unfortunately, PCA does
not give a complete picture of how quantities such as F¢ and correlation coefficients evolve
in time and space.

In this article we generalize the theory of IBD to allow for difference in the times at which
different individuals are sampled. We call this the theory of isolation by distance and time
(IBDT). We base our work on the stepping—stone model of [24] and add to the theoretical
results already derived for this model [6, 25, 26, 27, 28, 29]. We start by briefly reviewing
the original results for the infinite stepping—stone model at equilibrium and the decay of
correlation of allele frequencies with distance. Then, we extend the original work to derive
the correlation between individuals separated by distance and time. We perform simulations
that show the validity of the analytic results, even in the case of a finite number of
populations where some demes are subject to edge effect. We also derive the expected
coalescence times between samples separated by time and space in circular and toroidal
models [30, 31]. Finally we consider the consequences of IBDT on PCA in the common
case of a dataset made up of a large proportion genomes from present—day individuals and
few ancient genomes.

2. The stepping—stone model

The stepping—stone model describes the distribution of allele frequencies in an infinite set of
demes in different locations of the space represented by Cartesian coordinates. We start by
describing the 1-Dimensional case. Let p(k) be the frequency of one allele at a bi-allelic
locus in population k and p be the average allele frequency. In each generation, p(Kk) is
updated with the following three steps [32]:

» Exchange a proportion m; of migrants with demes at a distance i.

»  Exchange a proportion m,, of migrants with a deme that has fixed allele frequency
p. The meaning of this step is discussed later.

»  Sample gametes of the next generation in the population.
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In the case considered by [6], migrants are exchanged only between neighboring locations in
the first step, so that my = 0, i > 1. The second step consists of the exchange of migrants with
an external population at rate m,,. This event is equivalent to reversible mutation with
equilibrium allele frequency m... In general my >> m,,. Random sampling of step 3 is
represented by a random change in the allele frequency &(K), with E[£(k)] = 0, and E[¢(k)?] =
p(K)(1-p(K))/2Ng, where Ng is the effective population size of a deme [33, 34].

Our interest is in the changes in allele frequency in one generation. We consider p(k) = p—
p(K), the deviation from the average frequency. Given these three steps,

i=1

To simplify the notation, we define the operators Sand L,

Sp(k)=p(k+1), S'p(k)=p(k+1),i € Z, (2)

oo My,

_ 0
L=myS +Zi:1 5

(S'+57), @

[ee)

where mo=1— > m;—mMe, so that,

B (k)=Lp(k)+(k). @

The quantity of interest in this model is the correlation of allele frequencies between two
demes at locations k; and ky. Let r(k) be the correlation coefficient of allele frequencies
between populations that are k steps apart. Assuming equilibrium, we have

_p(k)  E[p(k1)p(k2)]  E[Lp(ky)Lp(ks)]

S p0)  p(0) p(0) ’

r(k)

where p(K) is the covariance in frequencies in demes k steps apart. The within-population
variance of allele frequencies, p(0), value is detailed in [25]. The mathematical treatment of
equation (5) by [25] using the spectral representation of a correlation [35] gives the general
formula

cos(k6)df
1~ [ZZgmicos(i0)]*’

C s
r(k)=5-/s ©

where C is the normalizing constant chosen so that r(0) = 1.

In the case of a stepping-stone model where migrants are exchanged only between
neighboring demes (m; =0, i > 1), r can be approximated by an exponential function of k:
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as detailed in [6]. This simple formula conveys the important idea that in one dimension, the
correlation of allele frequencies between populations decays exponentially with distance. In
the 2-Dimensional and 3—-Dimensional cases, the correlation function is more difficult to
approximate. Using modified Bessel function, it has been shown that correlation at a given
distance is lower in these cases than in the 1-Dimensional case [25].

3. Isolation—by-Distance—and-Time

3.1. 1-Dimensional case

We are here interested in the case where genetic samples are collected from demes that are
in different locations and at different times (measured in generations). Let p(k, t) be the
covariance between allele frequencies of two demes separated by k steps and t generations.
We denote the coordinates of these demes by (kq, t1) and (ko, to), and the deviations in allele
frequencies p(k;)® and p(ky)(®2). Since we assume the distribution of allele frequencies is
stationary in both time (equilibrium distribution) and space (all migration rates are equal),
we can consider these coordinates to be (0, 0) and (k, t) with no loss of generality. Following
previous notation

p(k,t)=E[p(k1) " p(ks) 2| =E[p(k) 5(0)?]. ()

To characterize the evolution of the covariance between allele frequencies with respect to
time t, we iteratively apply the operator L defined in equation (3). This operation describes
the potential trajectories of an allele. This process leads to

p(k,t)=L'p(k) (9
with p(K) = p(k, 0) (see Appendix A).

Let r(k, t) be the correlation between allele frequencies of two demes separated by k steps
and t generations, equations (5) and (9), combined with the general formula of equation (6)
gives

[0 micos(i6)] cos(k6)do
1 — [ micos(i6)]?

C o
r(k,)=o—[5 (10)

and the constant C is set such that r(0, 0) = 1 (Appendix B).

This equation reduces to
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— Meo+mycos(0 tcos(k6)do
- scos(O)'cos(k)d0

()—f

1-— (1 — my — Meot+mycos(f))

in the standard stepping—stone model, where demes only exchange migrants with their
closest neighbors at rate my/2. An exact formula for this integral can be calculated and is
notable for its size and lack of utility (Appendix C).

One noteworthy feature of equation (10) is that the decay of the correlation with time is not
affected by the effective population size Ne. This result is different from what is expected for
an isolated population: the level of differentiation as a function of the number of generations
separating two samples is larger when the effective population size is small, reflecting the
increased magnitude of genetic drift. However, in the particular case of an equilibrium
stepping-stone model, the covariance of allele frequencies between the demes is not a
function of the effective population size, a result already known in the spatial context (see
equation (7)) [6]. This result becomes clear when considered in terms of coalescence times.
Between the time the first and second samples are taken, the trajectory of the first sample
depends only on the migration process. There is no possibility of coalescence.

3.2. Two dimensions and more

So far, we have focused on the 1-Dimensional case for the sake of simplicity. However, it is
important to investigate the decay in higher dimensions as it is common in practice to have
samples taken from a 2-Dimensional or even 3-Dimensional habitat. The general formula for
the correlation in higher dimensions can be obtained with no more theoretical development.
In their work on the stepping—stone model, Kimura and Weiss derived a general formula for
the correlation that can be extended to any number of dimensions. In their work they only
gave approximations for 1, 2 or 3 dimensions as these are the practical cases. Using general
formula (3.11) of [25], we can write the correlation 10 in 2 dimensions

Co  or o GH(01,02)cos(k1071)cos (ka6 )dO1dOs W)
(2m)>70 70 1—g%(61,62) ’

T’(kl,kg,t):

where 9(61,62)= Z i OZ oMini2€08(1101)cosizf The generalization to obtain the
correlation in n dimensions is straight—forward (Appendix D).

We perform a numerical integration of equation (12) to investigate the decay of correlation
with distance and time in one or more dimensions. Correlation decreases as a function of
distance and time in 1, 2 and 3 dimensional models (Figure 1). In addition, for the same
values of the migration and mutation rates the decrease in correlation is more rapid in both
time and space in higher dimensional models, consistent with previous results for space only
[36, 26]. The more rapid decay can be explained by the random walk followed by the
genealogy of a gene. In a higher dimension model the probability for the gene to move away
from its original deme is larger. Numerical integration was done using the R package
cubature.
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3.3. Simulations in one dimension and two dimensions

In realistic examples, there is only a finite number of demes. As a consequence, correlation
patterns are affected by edge effects [37]. Another effect of there being a finite number of
demes is that the overall allele frequency can drift away from the expected allele frequency.
An alternative is to consider a finite, non-circular model, and to deal with edge issues
independently [38]. To investigate to what extent the analytic theory developed in the
previous section is valid in a finite stepping—stone model with temporal sampling, we
performed simulations.

Backward in time simulation software such as ms[39], or fastsimcoal [40], are usually used
to investigate IBD in a stepping—stone model [23]. Temporal sampling can be investigated
using Serial SmCoal software [41]. Another approach is to simulate gene trees where
lineages from isolated demes are joined to the stepping—stone demes at a chosen time in the
past [20]. Mutations are then randomly placed on the gene tree. Such a simulation is needed
to understand the influence of time and distance on genetic differentiation, but it assumes an
infinite sites mutation model because of the way mutations are placed on the branches of the
gene tree. The infinite site model, unlike the reversible mutation model, does not have a true
equilibrium at each site.

We wrote a C program that performs forward in time simulations. The program is available
upon request. The simulation program precisely follows the model presented in the previous
section. At the initial time, the allele frequencies in all the demes are equal to the allele
frequencies in the external infinite—sized population. Then the program runs for 150, 000
generations until the stationary distribution of the allele frequencies is reached.

In the 1-Dimensional case, we simulate 100 demes. For the 2-Dimensional case, we simulate
a total of 2500 demes on a 50 x 50 grid. We assume all the demes have the same effective
population size. We sample the allele frequencies at several times in the past. Correlation
between demes fit very closely the theory of equations (11) and (12) provided that demes are
taken sufficiently far away from the edge of the grid (Figure 2). As predicted by [26, 42], the
edge effect increases the correlation between demes, and is present when comparing present
and ancient samples. In both 1 and 2 dimensions, the edge effect is less strong with lower
migration rates (Figure 3). In the 1-Dimensional model, the magnitude of the edge effect
decreases monotonically with distance from the edge in one dimension but not in two. The
non-monotonicity indicates a more complex interaction with the boundary in two
dimensions than in one.

Only the classical stepping-stone model with migration between nearest neighbors is
simulated here. However, the general formula (10) gives the correlation in the case with
long distance migration between demes. The decrease in correlation with distance is weaker
if there is long distance migration (Figure S1). The effective migration rate between demes
is larger, and consequently, edge effects in the simulation would have a greater impact in the
case where (my > 0,1 =2 ... 00), accordingly to Figure (3).
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4. Coalescence times

4.1. Coalescence times in one dimension

Coalescence times in a stepping—stone model can be derived under some assumptions. In
particular, we consider a case with migration only between neighboring demes and low
mutation rate. Expected coalescence times between genes that are in different demes is a
function of the locations of these demes. These coalescence times are of interest because
they are closely related to Fgr and coefficients of identity—by—descent [30]. Under the
assumption of a circular 1-Dimensional stepping-stone model with ng demes, two genes A
and A, have an expected coalescence time

[»

E[T, , |=2N.ng+(ng — k) (13)

A1z 2m’
where Ng is the effective population size per deme, m the migration rate between
neighboring demes (previously my), and k is the distance between the two demes [30].
Considering a circular arrangement of the demes makes the analysis simpler, as only the
distance between the demes matters, and there are no edge effects. In addition it has been
shown that linear/planar and circular/toroidal stepping stone models are very similar when
considering populations away from the edges [26, 42]. To study a case similar to the infinite
stepping-stone model, we assume nq is large.

We extend the previous theoretical result in the case where two genes are sampled at
different times. Let us assume that the sampled genes are in populations ka; and ka,. The
number of generations between the two sampling times is t = t; — ty, and we assume, with no
loss of generality, that t; = 0 and t, = t generations in the past. The coalescence process
between these two genes can be divided into three phases. The first phase corresponds to the

genealogy that traces back to the ancestor of the present gene, called Agt), at generation t.

This ancestor is in population kAEL). The two other parts correspond to the time until the

coalescence event between Agt) and A. They are respectively the time until the gene Agt)
and A, are in the same deme, then the time to the common ancestor of these two genes. This
part has already been described, and the expectation is given in equation (13) [30]. The
expected coalescence time between A and A, is then written

B[T, , |=t+E[T , |.

ApAg Agt)AQ (14)

The variable TA§i>A2 is the coalescence time between a random gene in the unknown
population kAgf) and a random gene in population ky. To represent the uncertainty about the

population kAg), we derive the probability distribution of the position kA§f> at time t, given
position ka, at time 0. Using this probability distribution we rewrite the expectation (14) as
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ng—1
E[T, ,,]=t+ z% E[TAY)AQ |kA(1t) :z]p(kAgt) =z). (15)
xr=l

To describe the probability distribution of position kAgﬂ at time t given that a gene is in
population ka, at time 0, we consider a random walk with transition matrix

1-m 5 0 0 7
5 1—-m 7 ... 0 0

M= 0 5 1-m ... 0 0 (16)
e 0 0 T 1l-m

Using standard results about Markov chains [43], we know that the vector of probabilities

P,
for the position at time t, kAgw is expressed such as

P

k
(®)
A1

_ gt
=F, M

with PkA1 is the initial probability distribution of gene Aq's position. The initial probability

distribution is trivial and PkAl is a vector of O with a 1 in the k‘ihl entry Exact formula for this
matrix power can be obtained using tridiagonal matrix properties [44]. However we can also
express an approximation for the probability distribution of this process at time t. This
random process is symmetrical, centered in ka,;, and using classical results about Brownian
motion, has a variance proportional to t. We can approximate the probability distribution by
a Normal distribution, and

P(kA(lt) =zlk, )= (z;k, ,mt). (18)

The accuracy of this approximation can be verified with simulations using equation (17).
The approximation is relevant for sufficiently large values of t, depending on the migration
rate. Because the normal distribution has an infinite support, the approximation needs a
sufficiently large number of demes nq to be accurate. the mean squarred error between

P
coefficients of kA§f> and the Gaussian approximation is a function of parameters m, t and ng
(Figure S2). The expected coalescence time in a 1-Dimensional circle can then be written

E[T, ,.]=2N, 1 g & o —k, | _hay)?
[ A1A21—2 end+t+ \/MJO (nd - |1‘ —ky, |)T€ o du. (19)

Coalescence time between genes is an increasing function of distance and time between
demes (Figure 4). Asymptotically, when t is large, the expected time for two genes to be in
the same population can be approximated by a linear function of time between the samples.
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The right part of equation (19) is the integral of a product of a positive function that depends
only on the distance between demes and a Gaussian kernel with variance nmt. As the time
gets large, relatively to m, the Gaussian kernel becomes flat, and the integral is almost
constant (Figure 4). In practice, this implies that in a population at equilibrium, the
geography does not matter when the sample is very old.

4.2. Coalescence times in two dimensions

In the case of a 2-Dimensional habitat with ny; x ngy demes, the expected coalescence time
between two genes A; and Ay is

S(i1,12)

E[T ]:Nendlndz‘f'm,

AyAy (20)

where iy, i») is a function of i1 and i given in equation (8b) of [31], the number of demes
between the two genes. We assume in this case that the migration in each direction is the
same.

Using the same conditioning as in equation (14), we can derive the expectation for the
coalescence time of genes A in population ka; and A in population ka, at t generations in
the past, where ka; and ka, are 2-Dimensional vectors. We have

ndlfln@fl

E[TA1A2]:t+ Z Z E[TAY)AQ|kA§t>:(ml,12)]pk:A(1t):(a:1,m2)). (21)

x1=0 z2=0

The probability distribution of the position of gene A; at time t, kAgﬂ is known using the
same random walk as in the 1-Dimensional case. The distribution can be approximated by a
bivariate Normal distribution with mean ka,, and covariance matrix €2, where 2 is diagonal
with terms mt/2 in the diagonal. In the anisotropic case where migration rates are different in
the two dimensions, m; and mp, Q would have myt and mpt as diagonal terms. The
evaluation of this function for samples separated in distance and time shows a similar
pattern to the 1-Dimensional case (Figure 4). However for a same migration rate, the
expected times for two genes to be in the same deme in the 2-Dimensional toroidal model
are smaller than in the 1-Dimensional circular model. Then, if there is the same number of
demes, with same effective population sizes, e.g. ngNe = ng1NgNe, the expected coalescence
times are smaller in the 2-Dimensional case. This result is already known when comparing
samples taken at the same generation and remains true when t is positive [31].

5. Connection with PCA

Because there is a close connection between PCA and coalescence times [45], our results are
relevant to using PCA to compare ancient and modern samples. PCA is a useful way to
represent the main axes of variation in data and has proven to be a powerful tool to infer
genetic relationships when applied to ancient DNA data [46, 47].
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5.1. Ancient samples are shrunk towards 0

In population genetics, PCA is usually performed by computing the eigenvectors, and
eigenvalues of the matrix of covariances in the genotypes of different individuals. Although
there are other ways to compute principal components, this one is convenient in population
genetics because the number of variables is usually larger by several orders of magnitude
than the number of samples. The effect of differences in the sampling times can be evaluated
using the dependence of the covariance matrix described by equation (10). To illustrate,
consider a 2-Dimensional even repartition of 10 x 10 demes, and ancient samples taken in
several randomly chosen demes at different times t = 500, 800, 900, 1000 generations in the
past (Figure 5A). By calculating the theoretical covariance matrix and its first two
eigenvectors, we obtain the first two principal components that reproduce geography of the
demes [23, 48]. Figure (5B) shows that principal components mimic the geography of the
present demes, but ancient demes are not superposed on the corresponding present-day
sample from the same deme. Instead, ancient samples move towards the center of the first
and second principal components. In addition, the intensity of the shrinkage effect increases
with the time between present and ancient samples.

Using 100 demes from a 1-Dimensional simulation described above, we apply PCA to the
allele frequencies at the 6000 simulated loci. To remove the edge effect, we simulate 200
demes, and consider only the 100 demes in the center. We also include allele frequencies
from past generations for several demes. PC1 shows the 1-Dimensional pattern of isolation—
by—distance as expected, and ancient samples are closer to 0 (Figure 6A). The distance
between ancient individuals and the center of the principal component decreases as the
sampling time increases. In practice, the true allele frequencies are not known, and the
covariance matrix is estimated from the data. When working with sampled individuals
instead of allele frequencies, the same pattern is still visible. A sub-sampling of 10 diploid
individuals for each deme at the present time, and 1 diploid individual for each ancient deme
shows the same shrinkage of PC scores for ancient individuals (Figure 6B).

When applying PCA on allele frequencies from the 2-Dimensional simulations, the time
effect is visible on the first two components. We study the case of a 10 x 10 grid, with no
edge effects, and ancient samples taken from 4 demes at different times in the past (Figure
6C). The first and second principal components reproduce the geography of the samples, and
the ancient samples are moved towards the center of the plot (Figure 6D). the dashed lines
representing this shrinkage are not straight because of the residual variance captured by the
principal components.

This shrinkage effect of time can be understood considering the shape of the covariance
function. The first and second principal components represent the 2—dimensional IBD
pattern. This pattern causes the covariance matrix at time t = 0 to have a “block Toeplitz
with Toeplitz blocks” form [49]. However the pairwise covariance between present-day
individuals (t = 0) and between ancient and present-day individuals (t > 0) does not have the
same shape (Figure 1). Equation (10) implies that in a stepping—stone model the covariance
as a function of distance flattens when comparing present and ancient individuals. As a
consequence, the scores of ancient samples are moved towards the center of the principal
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components reproducing the local correlation pattern. Thus ancient samples can cluster with
present-day samples at different locations, even in an equilibrium stepping—stone model.

5.2. One component for the time differentiation

Links between PCA and population genetics quantities, such as coalescence times and Fgr
have been studied [45, 50, 51] and show that these values can be estimated from principal
components. In the 2—population case, [45] showed that the distance between individuals on
the appropriate principal component is approximately a linear function of the square root of
the time, A, until the lineages of the two individuals are in the same deme. If there are
ancient and present-day samples, they can be considered as two groups, and A is the time
corresponding to the first two parts of the coalescence process between the lineages,
described in the previous section. The time separating the individuals is a source of variance
important enough to be reflected in the principal components [20]. In this case, one
component separates the two groups and the distance between groups is approximately
proportional to VA. In Appendix E, we compute the expectation of A if there are several
present-day and one ancient individuals sampled.

We analyze the case with 50 contiguous populations sampled from a circular 1-Dimensional
stepping-stone model with nq = 1000. We assume nmy = 0.1, and one deme is sampled in the
past. We apply PCA by computing the eigenvectors of the individuals correlation matrix.
The first principal component represents the IBD pattern between the present demes. The
second principal component corresponds to the differentiation between the ancient deme,
and the present demes (Figure 7A). The average distance on PC2 between the two groups
(present and ancient) is an increasing function that can be approximated by a linear function
of the square root of A (Figure 7B).

6. Conclusions and discussion

We have generalized the Kimura—Weiss theory of a stepping—stone model to the case where
samples are taken at different times, a theory we call isolation-by distance-and-time (IBDT).
The correlation between individuals decreases as a function of both geographic distance and
time. This result is accentuated in higher dimensions. When considering IBDT patterns, the
edge effect applies when considering a linear model with a finite number of demes, in a way
similar to the standard stepping—stone model. However simulations shows that in both 1 and
2 dimensions, this effect decreases at a rate depending of the migration rate. We have also
derived the expected coalescence times under the assumption of a circular or toroidal model
and low mutation rate. As the time between samples increases, the coalescence time between
samples can be approximated by a linear function of time.

The connection between IBDT theory and PCA is of interest as it gives insights about what
to expect from the PC plots that compare ancient and present-day samples. When
considering the relationship between principal components and geography, ancient samples
may not cluster with the population at the same location. Such a result can occur even in a
population at equilibrium in a stepping—stone model, with no complex demographic history.
This behavior of PCA is important to note as it could result in the inference of a non-existent
past demographic event. The genetic differentiation created by time can be observed on
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another principal component. An important question that remains is under what conditions is
the proportion of variance explained by time larger than the proportion of variance explained
by geography. In this event, the first principal component would not reflect the geography of
the samples but rather the times separating the samples.

The limitations of PCA for investigating population structure in a spatio—temporal context
highlights the need for new theoretical developments to analyze population structure when
present-day and ancient samples are combined. This is especially apparent when considering
the complex demographic scenarios already inferred about the history of modern humans
[52]. Important theoretical work has already been done to test specific hypothesis [53, 54].
Another way to test different past demographic events is with simulation-intensive methods,
such as Approximate Bayesian Computations [55, 56]. In this case, theoretical developments
on mechanistic models such as the stepping—stone model are important to perform
simulations efficiently [57].

In the article we considered the case where PCA is applied on all the individuals, both
ancient and modern, at the same time. However PCA is also commonly used in a 2-step
procedure where principal components are constructed based on a subset of individuals,
present—day individuals, and the rest, ancient individuals, are projected onto these
components [46, 47]. This approach leads to biases in the principal component projections
similar to the shrinkage induced by the time between samples [58]. Such effect can be
accounted for and corrected [59], but is different from the case we address here, since we
use no projections.

We studied the classical stepping—stone model under the assumptions of a stationary
distribution of the allele frequencies in both time and space. These assumptions are not valid
in all cases. The time—stationary distribution is not reached when recent events such as range
expansions occurred, causing asymmetry in the site frequency spectrum [60, 61]. Spatial
non-stationarity and anisotropy are present when the migration pattern is uneven between
all populations, or migration is asymmetric [62, 63, 64]. The correlation of allele frequencies
is then not only a function of space and time, but also of the location of each deme.

A stepping—stone model is not the only model to describe spatial population structure. As an
alternative to discrete models, continuous models can also be considered to study
evolutionary processes [65, 66, 67]. Isolation—by-Distance— and—Time can be studied in a
continuous framework. In the same way, results about coalescence times in a stepping—stone
model can be connected to previous theory on coalescence in a continuous population [68].
Different models are especially useful since it is acknowledged that continuous stepping—
stone models are a source of difficulties because of the assumption incompatibilities in a
continuous framework [69].

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.

Theor Popul Biol. Author manuscript; available in PMC 2017 April 01.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuey Joyiny

Duforet-Frebourg and Slatkin Page 13

Acknowledgments

This work was supported by a NIH grant R01-GM40282 to M. Slatkin.

Appendix A: derivation of r(k, t)

Using the notations in [25], we calculate the covariance of the allele frequencies p(k)
between two populations that are spatially separated by k units of distance. This quantity is
defined by

p(k)=E[p(0)p(k)]. (22)

In the case where the demes are also separated by t units of time, we define

p(k, )=E[p(0) (k) D] (23)

and in the particular case of t = 1,

p(k, )=E[p(k)V5(0) V)|=E[p(k) 5(0)|=E[(Lp(k)+e(k))5(0))=E| Li(k)p(0)|+E[e(k)5(0))=LE[5(k)p(0)]=Lp(k).

By induction, we show that for any value of t > 0

plk,t)=L"p(k). (24)

Let's assume that for a time t > 0 equation (24) is true,

p(k, t+1)=E[p(k) TV 5(0) )
=E[(Lp(k)"
+e(k) )5 (0)]
=E[Lj(k)V5(0)]
=LE[p(k)"5(0)
=Lp(k,t)=L"p(k).

0)]+ B[ (k)W 5(0)]
0)

Then to obtain the correlation of allele frequencies r(k, t) between two demes, we have p(0,
0) = p(0) and

_pk,t)  L'p(k)

To0,0) po) @

r(k,t)
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Appendix B: general formulation of r in 1 Dimension

We established in equation (11) that r(k, t) = Ltr(K), and using the general expression in
equation (6) we have,

e cos(k6)df _C o Ltcos(k6)do

rk,O)=L o o 1 — [ X2 gmicos(if)]> 2m7 % 1 — [ Y20 gmicos(if))

It is now demonstrated that

Licos(k)= Zm cos(20)] Cos(kﬁ) (26)
=0

where mo=(1 — e — Zizlmi). In the particular case of t = 1 we have

Lcos(k8)= Z S'Hcos(k@)
+S5"cos(k0))

=05
COS
=0 2

—1)0))

:ZZO% (2cos(i6)cos (kb))
:[Zzomicos(w)]cos(kg)

Now assuming that formula (26) holds for any value t > 0, we have
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L' cos(k0)
=L[L'cos(k0)]

[oe] (e} . .
:L[Zil:o e Zilzom“ ...m;,co8(10) . . . cos(i¢6)]cos(k6)
[ee] (o) (ee] . .
:Zit+1:0[zi1:0 . Zitzomil ... m;,co8(i10) . .. cos(id)]
L (cos((k-+ir+1)6)

+cos((k
—i41)0))

:Zit+1:02i1:0 . Zit:(]mil mymy, cos(i10) . .. cos(ig0)cos(igq10)cos(k0)

=[ ZzomiCOS(iﬁ)]chos(k@).

We can conclude by induction that formula (26) is true for any positive t. Then, using
equation (26), a general formula for r(k, t) can be expressed

r(k:,t):g z,r[Zfiomicos(ie)]tcos(kﬁ)da' -

2m” 0 1—] ‘i’iomicos(iﬁ)F

Constant C is set such that r(0, 0) = 1. We do not analytically investigate this constant,
however details about the case t = 0 can be found in [25].

Appendix C: general derivation
Let's assume the particular stepping-stone model:

S .
Y. micos(if)=1 —my — mos+micos(6), Now the correlation between 2 demes k steps
appart and t generations is

[1 —my — meo+mycos(6)]'cos(k6)do

1—[1—my— moo—|—m1cos(c9)]2

C 7y
T(k7 t)zgfg

The fraction can be decomposed in two parts r(k, t) = C/(2m) (A (k, t)+Ax(k, 1)) using partial
fraction expansion, where

27 [1—m] — Mmoot s(0)] cos(k6)do
Ay(k,t)=[3"L T2[1Tm1712;03r(n31]§0224(9)] )

2 [1— 1m0y — 1m0+ 9)]" cos (k) do
Ay(k,t)= oﬂ ;rfi»l[linmljz’i;:j’(ﬂgl]cgz?é)] :

Let a = my/my, we can expand A; and Ay,
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t t
_ 1 t—g 2m cos9(0)cos(kO)do
Al(k’t)_ " 92::0 < g ) [ 06*—+cos(0) ?

As(k, t)=m!~L Xt: t ot~ qun 0059(0 cos(k)do
g=0 g

a+—+cos ) °

To get rid of the integral, we can use the fact that

or c0st(0)cos(k0)do lzt:a(t) 9x €08((k+g)0)+cos((k — ¢)0)do
0 z+cos(0) 2t = 970 x+cos(6) ’

Where

g 0 1 2 3 4 5 Sum

1 o 1 2x1=2
Gy
ag}) 2 0 1 2% 1+2=4
a§3) 0 3 0 1 2x(1+3)=8
a® 6 0 4 0 1 16

g
a® 0 10 0 5 0 1 32

g

and as given in [25]

k .
f%cos (k0)do { \/zg—(v 22 —-1- m) ,  z>1(expression As),
k 1
a+cos(0) . (\/ +1:) , x< — l(expression Ap).

This leads us to the expressions for A; and Ay,

t oo _1\k+7 2 k+j
An(h,t)= = mi ;o(g)af 5 Sole (o gt e 5 - )
Vi
_1\k—J 2 —=Jj
+af (o - L4 \/(a—5)"-1) T}

Ak, t)=m} ( t )a“%ﬂ-&é” (et R - 1- k)
g (+ 1) 1 1
(9) k=i
+aj’ 11 —(y/ (a+m—1) —1—(a+:) '}

(a7 -1

mi

Theor Popul Biol. Author manuscript; available in PMC 2017 April 01.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuep Joyiny

Duforet-Frebourg and Slatkin Page 17

Appendix D: higher dimensions

The 2-Dimensional case of the analysis can be detailed by changing the operators L and S
We note the cartesian coordinates of each deme with the couple (kq, k»), and we define the
operators S; and S, such as

S1P(ky1, ko)=p(k1+1, k2) and Syp(ky, ko )=p(k1, ka+1).
S1'p(ky, ko)=p(k14i1, k2) and Sy’ p(k1, ko) =p(k1, ka+iz).

The operator L in two dimensions becomes

(59+53) Miyiy i —i i —i
L=(1=32) iy = moo) 52043 3 (S 45T )(S7+5, )

i1 12 i1 12

where my,j, is the migration rate between demes separated by iy and i steps. The correlation
in 2 dimensions can be written using the spectral decomposition and for two demes we have

Cz 2 27 cos(klel)cos(kﬁg)dﬁld@

(2m)? 070 1—( f‘f’izzomimcos(ilﬂl)cos(igt92))2

r(ky, ke, 0)=

for two populations that are separated by k; and ko steps at the same generation. Using the
same trigonometric properties as in appendix B, we have

Ltcos(k161)cos(kobo)=] ZZ(me cos(%161)cos(ia 6’2))]tcos(k1 01)cos(k202)
il a2

and mgg = (1 - %, X, my;i, — My). As a consequence, the correlation of allele frequencies in
2 dimensions between two populations separated by k; and ky steps, and t generations is

Cy  on ronl flozozgfzomimcos(ilel)cos(ig@g)}tcos(klOl)cos(kzﬁg)d61d62

r(ky, ko, t)=
Ok, bz, ) (2m)2’0 0 1= (253 m4,1,008(i1 67 )cos (i63) )

To go further, and especially investigate the 3-Dimensional case that can be relevant in
practice, it is possible to extend the calculations in n-dimensional models, where two
populations are separated by t generations and a vector of steps (ky,...k,). Redefining the
operators S and L, we can show that the correlation is
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Ch  on o [Z?ﬁin:omil...inws(il@l) .. cos(inﬁn)]tcos(klel) ...cos(kp6,)dby ...

do,

ke, Fopy )= 2T f2

(2m)™’ 0 2

1-— (fow’inzomil,,,incos(z‘lﬁl) ...cos(i,0,))

Appendix E: expected coalescence time between two groups

We detail the case where two groups are present in the data, the present demes and the
ancient deme. The quantity A is the time for two genes in different groups to be in the same
group. In the case where there is one ancient deme k; and one present deme kg, using
equation (19) we have

2
“T - k2|e_ (127:113 dz.
2m

E[A|]~C1]:E[TA1A2]—2Nend2t+ ' nd7|sz2|)

1 Jra
V2rmqt? 0

In the practical case we consider several present time demes 1... np, and one ancient deme.
The expectation of A has to be conditioned by the probability that A; is in a given present
population k.

E(A)=Y (=) E|Aa=j]. @8)
=1

Since we consider a stepping—stone model where all the populations have the same effective
population size, we have p(ky =J) = 1/n,, j = 1...n,.
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Figure 1.
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Correlation as a function of distance between demes k steps appart in 1, 2 and 3-
Dimensional models. The correlation is evaluated for different number of generations t
between the demes. The migration and mutation rates are used for all models, and my = .01
and m,, = 4.1074. Migration rates are the proportion of individuals leaving the population.
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Figure 2.

distance

distance

Comparison between theoretical results and simulations on a 2-Dimensional square with m;
=.02 and m,, = 1072, The solid lines represent the theory prediction. The dots represent the
simulation results evaluated for demes at a distance 4, 10 or 16 from the edges. Since in the
simulations several pairwise comparisons between demes have the same distance in space

and time, we keep the mean of these pairwise correlations.
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Figure 3.

distance to the edge

Mean squarred error between simulations and theory in 1 and 2 Dimensions as a function of
the distance to the edge. The error is evaluated for m,, = 107 and my = .01, .005, .001, .

0005.
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Figure 4.
Panel A: Expected time for two genes to be in a same deme in a 1-Dimensional circular

stepping-stone model with Ne = 100, m= .01, and nq = 51 demes as a function of the
distance between demes. Panel B: Expected time for two genes to be in a same deme in a 2—
Dimensional toroidal stepping—stone model with Ne = 100, m= .01, and ng = 51 x 51 demes
as a function of the distance between demes. Colors indicate the time between samples.
Sampling consists in 45 time points evenly separated by 50 generations. As the time
between samples gets large, the influence of the geography is less important especially in 2
dimensions.
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Figure 5.

Panel A. Sampling scheme of a 10 x 10 grid of demes. Triangles represent demes where
ancient individuals are sampled at 500, 800, 900 or 1000 generations in the past. The demes
are colored according to their geographic location. Panel B. First 2 eigenvectors of the
covariance matrix between populations of Panel A. Parameters used are my =.01 and my, =
1075. Color code is the same as in Panel A. Lines start from the position of the present deme
where an ancient sample is taken, and end at the PC coordinates of the ancient sample.
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Figure 6.

Panel A. First principal component for the 1-Dimensional simulation, with m; = .01 and m.,
=4.107°. PCA is performed on allele frequency data from each of the 100 demes, and
ancient allele frequencies are taken in 5 populations at 8 times in the past. Panel B. First
principal component for the 1-Dimensional simulation. In each deme, 10 diploid individuals
are sampled at the present time. One diploid individual is sampled in 5 demes at 8 times in
the past. Panel C. Sampling scheme of a 10 x 10 grid of populations. Demes marked by a
triangle are demes where ancient individuals were sampled. Panel D. plot of PC1 and PC2
for the 2-Dimensional simulation with m; = .001 and m,, = 1075. Ancient samples are taken
at different times in the past for 4 demes.

Theor Popul Biol. Author manuscript; available in PMC 2017 April 01.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuey Joyiny

Duforet-Frebourg and Slatkin Page 28

o : t=2000

PC2

t=10000

t=20000

t=30000

-15 -1.0 -0.5 0.0 0.5 1.0 15
PC1
- /
o
0”‘
0”.
o ."
] 5
0’.
o
5
o
o
S I o
a o ol
5
Y K
§ o o
L. ¢
[a) o
5
.
.
.
n .
- .
.
.
.
.
.
o .
= .
.
.
.
T T T
250 300 350

squarred root Expected time to be in the same deme

Figure 7.
Panel A. Principal components for a 1-Dimensional stepping—stone with 50 present demes,

and 1 ancient deme. The PCA is performed several times, with an ancient deme sampled at
different times. The results of all the PCA are plotted on the same graph. Panel B. Average
distance between present demes and ancient deme on PC2 as a function of VA,

Theor Popul Biol. Author manuscript; available in PMC 2017 April 01.



