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THE COEFFICIENT OF INBREEDING, F, has been defined by Malécot (1948)
as the probability that an individual will possess at a given genetic locus two
genes identical in their origin. The purpose of this note is to present a new
method of calculating this coefficient particularly appropriate to complex bio-
logical relationships.

We shall define an ancestral line as that stepwise sequence of individuals or
links uniting a particular person with an ancestor of his. We shall term this
line a paternal line if it passes through the father of the individual and a ma-
ternal line if it passes through the mother. An ancestral line pair, or simply a
pair, consists of a paternal and a maternal line of a given individual. In a pedi-
gree extending over n generations, there are at most 22 different paternal and
maternal lines; thus in a seven-generation pedigree there are at most 2% = 32
different lines, and hence 322 = 1024 different pairs. It may happen that the
paternal and maternal lines of a pair possess one or more common individuals.
When this occurs we shall speak of the lines as joining. If a line pair contains
but one common individual we shall call this individual a common ancestor; it
more than one common individual exists, the term common ancestor will be
applied only to that individual nearest, in relationship, to the person whose in-
breeding coefficient is being computed. The sequence from the father to the
mother through the paternal line, the common ancestor, and the maternal line
is called a loop, and the loop length, denoted by 1, is synonymous with the num-
ber of individuals in the loop. If the common ancestor is the n;th ancestor of
the father and the n,th of the mother, we have the relation I = n, + n, + 1.
With a particular pair there is associated at most one common ancestor, and
hence one loop. There may be, however, a number of pairs with which the same
common ancestor is associated. There may also be a number of loops in each
of which the same individual is the common ancestor. If parents of a common
ancestor have, in turn, a common ancestor, we term this rejoining. Thus, triple
joining implies an ancestor common to the common ancestor of a common
ancestor of an individual. The inbreeding coefficient, F,, associated with an
individual is defined by the following recurrence relation:
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where summation runs over every loop of length I and F is the inbreeding co-
efficient of the common ancestor in the loop. To the author’s knowledge, this
formula was first given by Wright (1950).

PEDIGREE SHEET

For the calculation of the inbreeding coefficient we suggest a form similar
to that in Figs. 2 and 4. To use such a form it is essential that each individual
in the group under study be identifiable and that his parents be given. Identifi-
cation may be accomplished by a variety of conventions—e.g., names, letters,
numbers—provided the convention gives rise to no relational ambiguities.

In the pedigree sheets the 32 columns represent all possible types of paternal
lines, whereas the 32 rows represent all possible types of maternal lines in a
pedigree of seven generations. The unshadowed cells represent male ancestors,
the shadowed cells females, and each number which is entered is understood
to be repeated in each of the blank spaces to the right Cor below, for the female
line.) The first column represents the paternal line of the type “father-father-
father-father-father-father” the second “Fa-Fa-Fa-Fa-Fa-Mother,” the third “Fa-
Fa-Fa-Fa-Mo-Fa,” etc. The lines are so arranged that if zeros and ones are as-
signed to fathers and mothers, respectively, each line becomes a number in the
binary mode. The first, second and third columns, for example, would be
(000 000), (000 001), and (000 010). The lines, maternal and paternal,
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F16. 1. A human pedigree extracted from a larger pedigree of an isolated community.
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should be arranged in ascending binary-number order. For convenience, after
the lines are arranged in the sequence just described, the maternal (paternal)
lines are numbered 1 through 2%. When considered jointly, the maternal and
paternal lines describe an array of (2%)?2 cells. We shall distinguish among these
cells by indicating the appropriate maternal and paternal lines. Thus the i,j™
cell is that formed by the it maternal and jt* paternal lines.

We proceed now to the use of the sheet for calculations. In Fig. 2 are set out
all of the parental lines associated with the pedigree given in Fig. 1. If the
parents of an individual are unknown, parental lines passing through this indi-
vidual cannot, of necessity, be fully defined. When a line cannot be fully de-
fined, this fact has been indicated by the insertion of a question mark in the
location of the first unknown person. It need hardly be mentioned that this
reduces the number of unique paternal and/or maternal lines, for all lines pass-
ing through the unknown individual are essentially the same. In the present
case, for example, the first through fourth paternal lines are, for want of in-
formation, identical. The reader may satisfy for himself the construction of the
individual lines. We offer as an example the 29" column, a paternal line, which
will be recognized as the sequence of individuals numbered 1, 59, 55, 54, 2.

Note, now, that in paternal lines 9 and 10 and maternal lines 1, 2, 3 and

LINE NUMBER | [1|213]alslel 78 9lio nfizli3]tal15]16]17]18]19 20 21 2223 24 25 26 27/28/29/30 31 32
,,,,,,,,,,,,,,,,,,,,,,,,,,, 12051 52,
FATHER

| ML

n

i ;
v
L vy

LINE NUMBER

MOTHER

00000 |

00000000
00000000
00000000

000

000000000000

Q000

0000
0000

= 176 = + H G SEBREIS SRS SHPD SHRYGS SE Ao S
f = 5045 = 008594

0000
0000
0000
0000

Fig. 2. Analysis of the pedigree in Fig. 1. This example serves to show how simple the
analysis of human pedigrees can be when put in the form advocated here.
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4 the same individual, 6, occurs. The occurrence of this individual we indicate
by inscribing circles in the eight cells, 1,9; 1,10; 2,9; 2,10; 3,9; 3,10; 4,9
and 4,10 formed by the intersections of rows 1-4 with columns 9-10. We also
note that in addition to individual 6, individuals 63, 5, 55, 10 and 54 are
common ancestors. Again, circles are inscribed in a manner analogous to that
for individual 6. There is, it will be observed, no instance of rejoining. The
formula for the inbreeding coefficient is, in this case, simply

F, = number of circles (A)

2(total number of cells)
This formula is valid in all instances where rejoining does not occur. This may

be proved in the following way: We note that 6 is the 4t ancestor of the father
and the 3 of the mother. Thus n; = 4 and n, = 3, and the contribution, f,
to F, of this loop is

1 =1
2t +3+1 28
The number of circles corresponding to this loop is
2 x 22 = 2%n, x 25m,
and the ratio of these two numbers is ‘
1

Wf/czs-nl +50,) — 1/25+ 5 +1
which is independent of n; and n, and is equal to the inverse of twice the total

number of cells. Thus we have the relation
f = number of circles in the loop
2(total number of cells)
and, as F, is the sum of the f's, we are led to conclude that (A) is valid.
Let us proceed. now to the case of rejoining, i.e., the situation where a com-
mon ancestor has a common ancestor. Fig. 3 is an artificial pedigree which, how-
ever, illustrates this case. Fig. 4 is a diagrammatic representation of the calcu-
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F1c. 3. An artificial pedigree with rejoining and father-daughter marriage.
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Fic. 4. Analysis of the pedlgree in Fig. 3. This example indicates the use of the pedi-
gree sheet in case of rejoining.

lation. We observe four common ancestors, namely, 1, 6, 16, and 13, and as in
the previous example we inscribe circles in the cells associated with these com-
mon ancestors. To calculate the effect of the rejoining we proceed as follows:
We note that the parents of 1, namely 2 and 13, have common ancestors, 6 and
16, and we are obliged, therefore, to calculate the inbreeding coefficient of 1.
For this calculation we need not prepare another form. We can use the portion
I-V of paternal lines 1-16 and the portion II-V of maternal lines 9-16. Within
the rectangle so formed we mark with triangles! those cells where 6 occurs si-
multaneously in the maternal and paternal lines, and similarly for 16. [Note:
Maternal and paternal line pairs simultaneously containing 6 and lying outside
the rectangle are not scored.] An argument similar to that for (A) leads us to
the conclusion that the inbreeding coefficient of 1, Fj, is given by:

F, = number of triangles (B)
2(number of cells in the rectangle)

In the case of the common ancestor, 13, there is no rejoining. This may be
verified by examining the pairs corresponding to the lower left portion of the
rectangle of circles in the lower right corner of Fig. 5. If 6 and/or 16 had

1To avoid ambiguity in the illustrations a triangle inside a circle is shown as a triangle
only.
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common ancestors, a process similar to that leading to (B) would suffice to
calculate the inbreeding coefficients of 6 and/or 16. The cells here which
would then contribute to the inbreeding coefficient might be indicated with
inscribed small circles.

The general formula for the inbreeding coeflicient becomes

F, = # circles + 24 triangles + 22# small circles + . .. (9
) 2(total number of cells)

It should be noted that the circles, triangles, small circles etc. are merely devices
to recognize pairs in which loops arise through joining, rejoining, triple joining
ctc.

SOURCES OF ERROR

As has been indicated, to use the pedigree sheet does not require the drawing
of the pedigree chart of the ancestors of the individual. This, however, can lead
to incomplete identification which cannot be easily detected and constitutes one
of the major sources of error in the technique.

A second possible source of error will be the failure to detect all of the loops
of common ancestors. A third lies in the calculation of the inbreeding coefficient
after drawing the rectangles of the loop. The latter may not be frequent, but
can occur when a large number of inbreeding coefficients is calculated.

In the following we shall propose a check which will eliminate the second
kind of error:

Consider Fig. 1. Since the pedigree sheet extends to the Sth generation of
ancestors of the parents of the individual whose inbreeding coefficient is to be
computed, there can appear at maximum 1+2+22+23+424+2% — 63 indi-
viduals in the paternal as well as the maternal lines. Among these individuals
there may be some who are unknown and some who appear a number of times,
say, p in the paternal and m in the maternal lines. Our formulae use the num-
ber of known individuals, number of blocks, and the numbers p and m of indi-
viduals involved as defined above. Among these numbers we have the following
relations:

p = number of known ancestors in the paternal lines
= 63 minus the number of ? in the paternal lines
m = number of known ancestors in the maternal lines
= 63 minus the number of ? in the maternal lines
pm = number of blocks

where summation runs over all the ancestors.

After the representatives of the blocks have been indicated and checked by the
above formulae, we can safely proceed to inscribe circles, triangles etc. on the
sheet.

ALTERNATIVE METHODS

One might suggest two alternative methods. One is to use hatching, double
hatching and triple hatching instead of a circle, a triangle and a small circle.
Another suggestion would be to mark not only the cells in the lower left portion
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of the rectangle but also those in the upper right portion of the rectangle with
triangles or double hatching, in the case of rejoining. In this case the triangle or
double hatched cells should appear symmetrically along the diagonal of the
rectangle. In this manner we count the pairs of rejoining twice and thosc of
triple joining four times. There is, with this approach, no need for the cocthi-
cients of 2,22 etc. in formula (C).

DISCUSSION

The method here proposed enjoys, it would seem, a number of advantages
over the classical method of tracing the pedigree chart (cf., for instance, Neel
and Schull). Firstly, one need not draw a pedigree chart, a troublesome and
time-consuming job. This has certain disadvantages, as we have seen, and may
lead to the omission of some genetic information.

Secondly, this method seems to be less liable to mistakes, and especially when
a check is performed during calculation. The method is ecasy to teach or to
learn. With this approach the numerous computations in the evaluation of a
complicated pedigree of a large population can be put into the hands of clerical
workers, a great advantage.

When the classical method of tracing the pedigree chart is used, and if the
pedigree is very complicated, it sometimes happens that two persons will com-
pute different values for the same coefficient, and neither of them can be sure
which is correct. There is no effective method of controlling the calculations in
the classical method. This difficulty can be overcome by using the pedigree
sheet.

When one is obliged to calculate the F of a highly. inbred population of con-
siderable size, one is naturally led to the idea of using high speed computers.
Any programmer who is acquainted with the use of this pedigree sheet should
find it simple to construct the logic to be employed in the programming.
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