Finite Differences
In this chapter we shall discuss about several difference operators such as forward difference operator, backward

difference operator, central difference operator, shifting operator etc.
Forward difference operator: The operator A is called forward difference operator and defined as,

AY =Y —Yea

wherey,; r=0,12, ... ... ... ,nare values of y .

Backward difference operator: The operator V is called backward difference operator and defined as,
vyr =Y =Y

wherey,; r=0,12, ... ... ... ,Nare values of y .

Central difference operator: The operator ¢ is called central difference operator and defined as,

5y(2r—1% =YY

wherey,; r=0,12, ... ... ... ,Nare values of y .

Shifting operator: The operator E is called shifting operator and defined as,
By, =V,

wherey,; r=0,12, ... ... ... ,Nare values of y .

Which shows that the effect of E is to shift the functional value of y to it’s next higher value.
Averaging operator: The operator g is called averaging operator and defined as,

1
MY, = E( Y(2r+% - y(zr-%j

wherey,; r=0,12, ... ... ... ,nare values of y .
Differential operator: The operator D is called differential operator and defined as,
d
Dyr = &( Y, )
Wherey,; r=0,1,2, ... ... ... ,Nare values of y .
Unit operator: The unit operator 1 is defined by,
ly =y,
wherey,; r=0,12, ... ... ... ,Nare values of y .
Forward Differences: If y,,y,,Y,, - .Y, denote a set of wvalues of y, then 'y, —Vy,,¥,—V,
Yo=Yy, e .Y, — Y, arecalled the differences of y . If these differences are denoted as follows,
AYQ =YY
Ay, =Y,V
Ayn—l =Yn " Yna
where A is called the forward difference operator and Ay,, Ay,, --- - , Ay,_, are called first forward differences.

The second forward differences are,
A%y, = Ay, - Ay,

AZYl = Ay, - Ay,
AZ You = Ayn - Ayn—l

Similarly, we can determine kth forward differences.
ie, Ay, =AYy Ay



Forward Difference Table

X y A A2 A3 A4 A5
X Yo
Ay, ,
Xl yl A yo AS
Ay, Yo .
Azy A yO 5
X, Y, ! A8 A Yo
Ay, Y1 A
2 A"y,
X y A%Y,
3 3 3
Ay, A%Y,
X, Y Azys
Ay,
X5 Ys
Backward Differences: If y,,y,,Y,, - .Y, denote a set of values of vy, then Yy —-VY,,¥,—-V,
Yo = Yo, rrrree e .Y, — Y, arecalled the differences of y . If these differences are denoted as follows,
vyl =YY
v)/2 =Y, =%
vyn = yn - yn—l
where V is called the backward difference operator and Vy,, Vy,, -« --- , VY, are called first backward differences.
The second backward differences are,
szl =Vy, - Vy,
VZY2 =Vy,-Vy,
v2yn = Vyn - Vyn—l
Similarly, we can determine kth backward differences.
ie, Vy, =Vy, vy,
Backward Difference Table
X y V vz v3 v4 VS
X Yo
vy, 2
X | Vo
vy, Ys 4
sz Vv, i
X2 yZ 8 v3 v y5
vy, Y, .
v2y V7y.
X3 y3 4 3
vy, V7Ys
Xy Y, szs
Vys
X5 Ys




Central Differences: If y,,Y,,Y,, ==- - .Y, denote a set of values of y, then Yy —VY,,¥,—V,

Yo=Yy, e .Y, — Y, arecalled the differences of y . If these differences are denoted as follows,
5)/% =YY%
5)/% =Y~ Y

4 Y(Zn,% =Y = Ynu
Where ¢ is called the central difference operator and 5y}/2, §y%, ------ : 5y(2n7% are called first central differences.
The second central differences are,

0%, =8Yy =0y,

0%y, =0Ys, =3y,

Yo = 8Yianay; = Yiany

Similarly, we can determine kth central differences.
H k k-1 k-1
e, o Y, = o Y(2n+1% -0 y(2n—l%

Central Difference Table

X y 5 52 53 54 55
Xo Yo
oy y
Xl yl 52 y
1
o y% .
I oy |2y
) 3
X, Y3 y% 52 y o y% o 4 Y,
3
fo) 3 St 5° yy
y% S yV Y3 2
X, Vi ) ‘
oY,
o y%
X5 Ys




Interpolation

Interpolation is a numerical technique which is used to estimate unknown values of a function by using known values. For
example, If we are to find out the population of Bangladesh in 1978 when we know the population of Bangladesh in the
year 1971, 1975, 1979, 1984, 1988, 1992 and so on, then the process of finding the population of 1978 is known as
interpolation.
Mathematically, let y = f(x) be a function which gives Y, Y, Y,, - - VY, for Xg, X, Xy, e oo , X, respectively. The
method of finding f(x) for X =a where « lies in the given range is called an interpolation and if « lies outside
the given range is called an extrapolation.
Assumption for interpolation: For the application of the methods of interpolation, the following fundamental
assumptions are required.

a) Inthe interval under consideration, the values of the function cannot be jumped or fallen down suddenly.

b) In the absence of any evidence to the contrary, the rise and fall in the values of the function must be uniform.

c) The data can be expressed as a polynomial function so that the method of finite difference be applicable.
Methods of interpolation: The various methods of interpolation are as follows:

a) Method of graph

b) Method of curve fitting

c) Method for finite differences.
In this chapter we shall discuss only interpolation formulae for finite differences. These formulae can be separated as
follows:

a) Interpolation formulae for equal intervals

b) Interpolation formulae for unequal intervals

c) Interpolation formulae for central difference.

Interpolation formulae for equal intervals: The interpolation formulae for equal intervals are given bellow:
I. Newton’s forward interpolation formula: Suppose, (X,, ¥y), (X, Y1) (%, ¥,), ==+ ==+ =+ (XY,

be a set of (n+1) values of X and y . Let the values of X be equidistant,
e, X, =X, +rh ;r=012,---- N
where h is difference between the points.
Let Yy, (X) be a polynomial of nth degree such that y and Yy, (x) agree at the tabulated points, which is to be determined. It
can be written as,
Yo (0) =8 +8,(X=X) + 8, (X=X (X =%) + -+ o +8, (X=X (K =) -+ o= (x=%,,) oo (D)
where the constants a,, a,, a,, ... ... , a, can be determine as follows:
Putting X = X, in Eq.(1) we have,
a4 = Yo
Putting X = X, in Eq.(1) we have,
Y1 =8 +8,(% = %)

or, ¥, = Yo +ah
or, a = y1;y0
A

Putting X = X, in Eq.(1) we have,
Yo =8+ a1(X2 - Xo) +a, (Xz - Xo)(xz - X1)

A
Or, Y, = Yy + = (20) + 3, (20)(h)



or, ¥, =Y, +2(Y1_ y0)+2a2h2
or, y, =2y, -y, +2a,h?

or, a, = Y2_2y;+yo
2h
or, a, = (Y2 — Y1) _z(yl_ yo)
2h
or, a, = A3’1_2A3/o
2h
_ AZYO
2 21n?
Similarly,
Ay,
° o3I’
A'y,
toam
= Anyo
" nlh"
Using these values in Eq.(1) we have,
A A’ A"
Va0 = Yo+ 222 (x=0) + 222 (k=3 ) (= x) # oo £ IR ()X ) (X m%y) e (2)
h 2'h n'h
Setting X = X, + ph we have,
X—X, = ph
X=X = X=X, =X +X,
=(X—XO)—(X1—X0)
= ph—h
=(p-Dh
Similarly, X-X,=(p—-2)h
X=X, =(p—-3)h
X=X, =(p—n+1h
Equation (2) becomes,
-1 -D(p-2 -1 -n+1) .,
yn(X)=y0+pAy0+p(F2)| )A2y0+ p(p 3)|(p )A3y0 """ +p(p ) nl (p )A Yo - (3)

This is called Newton’s forward interpolation formula.

Note: Newton’s forward interpolation formula is used to interpolate the values of y near the beginning of a set of tabular
values.



I1. Newton’s backward interpolation formula: Suppose, (X, ¥o), (X, Y1), (X5, ¥,), ==+ === ==+ , (X,,y,) be asetof (n+1)
values of X and y . Let the values of X be equidistant,
e, X, =X, +rh ;r=012,---- N
where h is difference between the points.
Let y,(x) be a polynomial of nth degree such that y and Yy, (x) agree at the tabulated points, which is to be determined. It

can be written as,
yn(X):aO+a1(x_xn)+a2(x_Xn)(X_Xn—1)+ """ +an(x_xn)(x_xn—1) """ (X_XO) (l)
where the constants a,, a,, a,, ... ... , @, can be determine as follows:
Putting X =X, in Eq.(1) we have,
a4 =Yy
Putting X =X, in Eq.(1) we have,
ynfl = yn + al(xn—l - Xn)
or,y,,=Y,+a(-h)

Yo = Yo
or, =
% h
) A
- ——h

Putting X =X, , in Eq.(1) we have,
Yo =3+ al(xn—z - Xn) +a, (Xn—2 - Xn)(xn—z - Xn—l)

Vﬁ’“ (=2h)+ a, (~2h)(<h)

or, yn,2 = yn - 2(yn - yn—l) + 2a‘2h2
or, y, ,=-Y +2y _, +2ah’
yn B 2yn—l + yn—2

Or, yn—2 = yn +

or, a, =

2h?
OI’, a2 — (yn - ynfl) - (Zynfl - yn,z)
2h
or, a, =—Vyn2—hzyn71
vy,
%= o
Similarly,
Viy,
%= 3
Vi
‘T4t
vy,
" nlp"
Using these values in Eq.(1) we have,
\% V2 V"
o (X) = ¥y 00 ) T O ) (X ) e ST x ) () e () (2)

Setting X = X, + ph we have,



X—Xx_ = ph

n

X=X, 3 =X—X, +X, —X

n-1
=(X—=X,)+(X, =X, ;)
= ph+h
=(p+Dh
Similarly, x-Xx, _,=(p+2)h
X— (p+3)h
—X = (p+n—1)h
Equation (2) becomes,
+)(p+2 +1) - - +n-1) _,
yn(X)_yn+ pvyn p(p )sz p(p 3)I(p )v3yn ______ + p(p ) - (p )V yn ..(3)

This is called Newton’s backward interpolation formula.
Note: Newton’s backward interpolation formula is used to interpolate the values of y near the end of a set of tabular
values.

Problem-01: Construct a difference table to find the polynomial of the data (1,1),(2,8),(3,27),

(4,64),(5,125),(6,216)(7,343),(8,512) considering appropriate method. Also find r, where (9,r) is given.

Solution: We may construct any one of forward, backward and central difference tables. Since we also have to find r for
X =9 which is nearer at the end of the set of given tabular values, so we will construct the backward difference table.
The backward difference table of the given data is as follows:

X Yy \V4 VZ V3 V4
1 1
7

2 8 12
19 6

3 27 18 0
37 6

4 64 24 0
61 6

5 125 30 0
91 6

6 216 36 0
127 6

7 343 42
169

8 512

This is the required difference table.
Here x, =8, h=1y =512, Vy =169, V’y =42, V’y =6, V'y =0.
X=X, X-8
L p= L=——=(x-8
p=— - (x-9
By Newton’s backward formula we get,
y(X):yn+pvyn p(p )vzy p(p+1)(p+2)v3y +p(p+1) """ (p+n_l)vnyn

3! " n!
(x 8)(x - 8+1) (x—8)(x 8+1)(x—-8+2) 6
21 31 x
=512+169x 1352+ 21x* —315x +1176 + x* — 21x* +146x — 336
:X3
This is the required polynomial.

=512 +169(x —8) +




2" part: For Xx=9 we get, y(9)=9* . r=729 (Ans.)
Problem-02: From the following table of yearly premiums for policies maturing at quinquennial ages, estimate the
premiums foe policies maturing at the age of 46 years.

Age(x) 45 50 55 60 65
Premium(y) 2.871 2404 | 2.083 1.862 1.712
Solution: Since X =46 is nearer at the beginning of the set of given tabular values, so we have to construct the forward
difference table.

The forward difference table of the given data is as follows:

Age(x) | Premium(y) A A2 AS A
45 2.871
-0.467
50 2.404 0.146
-0.321 -0.046
55 2.083 0.100 0.017
-0.221 -0.029
60 1.862 0.071
-0.150
65 1.712

Here x =46,h=5, x, =45, y, =45, Ay, =-0.467, A’y, =0.146, A’y, =-0.046, A'y, =0.017
X—X, 46-45 1
p = = = —

===0.2
h 5 5
By Newton’s forward formula we get,
-1 ~1)(p-2 —1) e e -n+l) .,
y(X)=yo+pAyo+p(F2), ) 2y 4 PP ;(p ) By, oo+ PP nl(|o ) A"y,
- y(46) =2.871+o.2x(4>.467)+—O'2(02'l2‘1) «(0.146) + 0'2(0'2‘31?(0'2‘2) < (~0.046) - 0'2(0'2‘1)(0;12"2)(0'2‘3) «(0.017)
_2.8710—0.0934~0.01168—0.002208—0.0005712 '
=2.763(approx.)
Problem-03: The values of sin X are given below for different values of x, find the value of sin 38°.
X 15 20 25 30 35 40

y=sinx | 0.2588190 | 0.3420201 0.4226183 05 0.5735764 0.6427876

Solution: Since x =38 is nearer at the end of the set of given tabular values, so we have to construct the backward
difference table.
The backward difference table of the given data is as follows:

X y =sinx \ V? e V! V&
15 0.2588190
0.0832011
20 0.3420201 -0.0026029
0.0805982 -0.0006136
25 0.4226183 -0.0032165 0.0000248
0.0773817 -0.0005888 0.0000041
30 0.5 -0.0038053 0.0000289
0.0735764 -0.0005599
35 0.5735764 -0.0043652
0.0692112
40 0.6427875

Here x =38, x, =40, h=5,y, =0.6427875, Vy, =0.0692112, V*y, =-0.0043652, V°®y, =-0.0005599,




Vv*y. =0.0000289,V°y =0.0000041.

p=x—xn =38_40:—g:—0.4
h 5 5

By Newton’s backward formula we get,

y(38)_yn+pvyn p(p )v yn+ p(p+]:')’)l(p+2)v3y ...... +p(p+l)'”r‘].l‘(p+n_1)vﬂyn
— 0.6427876 + (~0.4)x 0.0692112 + M « (~0.0043652) + {90 4;1)( ~04+2) , (~0.0005599)
(—0 4)(-0. 4+1)(;? 4+2)(-0.4+3) «(0.0000289) + (-0.4)(-0.4+12)(-0. 4; |2)(—0 4+3)(-0.4+4) (0.0000041)
=0.6427876—-0.02768448 +0.00052382 + 0.00003583 —0.00000120
=0.6156614 (approx.)
Problem-04: In an examination the number of candidates who obtained marks between certain limits were as follows:
Marks 30-40 40-50 50-60 60-70 70-80
No. of Students 31 42 51 35 31

Find the number of candidates whose scores lie between 45 and 50.

Solution: First of all we construct a cumulative frequency table for the given data.

Upper limits of the class intervals 40 50 60 70 80
Cumulative frequency 31 73 124 159 190

Since X =45 is nearer at the beginning of the set of values in cumulative frequency table, so we have to construct the

forward difference table.

The forward difference table of the given data is as follows:

Marks(x) Cumulative A A2 A® A?
frequencies(y)

40 31
42

50 73 9
51 -25

60 124 -16 37
35 12

70 159 -4
31

80 190

Here x =45, x, =40, h=10,y, =31, Ay, =42, A’y, =9, A’y, =-25, A%y, =37.
_ X=X _45-40_5

h 10 10
By Newton’s forward formula we get,

=05

y(X) = Y, + PAY, + p(g )A2y0 p(p—g)l(p—Z)Nyo ...... +p(p—1)"'r%'l'(P—n+1)Any0
(45) 3140542 0505-D o 0505-D05-2) ) 0505-D05-2(05-3

21 3l 41
=31+21-1.125-1.5625—1.4452
= 47.8673

=48 (approx.)



Problem-05: The population of a town in the last six censuses was as given below. Estimate the population for the year
1946.

Year(x) 1911 1921 1931 1941 1951 1961
Population in thousands(y) 12 15 20 27 39 52
Solution: Since X =1946 is nearer at the end of the set of given tabular values, so we have to construct the backward
difference table
The backward difference table of the given data is as follows:

Year(x) Populations(y) \% \V& Ve v Ve
1911 12
3
1921 15 2
5 0
1931 20 2 3
7 3 -10
1941 27 5 -7
12 -4
1951 39 1
13
1961 52

Here x=1946, x, =1961, h=10,y =52, Vy =13, V’y =1 V’y =-4,V'y =-7,V°y =-10 .

X—x 1946-1961 15
p=2—Tn- —-2--15
h 10 10

By Newton’s backward formula we get,

) =y, + pvy, + P gy, PRFD(P+2) g

LP(pHD e (prn D) o

21 3! " n!
- y(1946) =52+ (-15) 13+ (—1.5)(2—|1.5+1) s (—1.5)(—1.5;1)(—1.5+ 2., 4+ (—1.5)(—1.5+1)(j5+ 2(-15+3) )
: (—1.5)(—1.5+1)(—1.5;2)(—1.5+3)(—1.5+4) <(10)
=32.3438(approx.) -
Exercise:

Problem-01: The population of a village in the last six censuses was recorded as follows. Estimate the population for the
year 1945.

Year(x) 1941 1951 1961 1971 1981 1991
Population(y) 2500 2800 3200 3700 4350 5225
Problem-02: In a company the number of persons whose daily wage are as follows:
Daily wage in Tk. 0-20 20-40 40-60 60-80 80-100
No. of persons 120 145 200 250 150

Find the number of persons whose daily wage is between TK. 40 and TK.50.
Problem-03: The population of a town in decennial census was recorded as follows. Estimate the population for the year
1985.

Year(x) 1951 1961 1971 1981 1991
Population in thousands(y) 98.752 132.285 | 168.076 195.690 246.05

Problem-04: The population of a town in decennial census was recorded as follows. Estimate the population for the year
1895.

Year(x) 1891 1901 1911 1921 1931
Population in thousands(y) 46 66 81 93 101
Problem-05: Estimate the production of cotton in the year 1935 from the data given below.
Year(x) 1931 1932 1934 1936 1938

Production in millions of bales(y) 17.1 13.0 14.0 9.6 124




Interpolation formulae for unequal intervals: The interpolation formulae for unequal intervals are given bellow:
1) Newton’s Interpolation formula for unequal intervals.
2) Lagrange’s Interpolation formula for unequal intervals.

Divided Differences: Let y = f(x) be a polynomial which gives f(X,), f(x), f(X,),--- - , f(x,) at the points X,,
X, Xy oo e , X, (which are not equally spaced)respectively. Then the first divided difference for the arguments X, and X,
is denoted by f (X,, X,) or Af (x) and defined as,
f(x,)—f
f[Xo,X1]= ( 0) (Xl)
Xo =%

The second divided difference for the arguments X, , X, and X, is denoted by f (X,, X, X,) or A*f (x) and defined as,
F %) = (X, %)
Xo =%,
The third divided difference for the arguments X, , X,, X, and X, is denoted by f (X, X, X,, X;) or A*f (x) and defined as,
f (Xol X1 Xz) —f (Xl’ Xy X3)

F (%%, %) =

f(Xo'Xi'Xz'Xs):

Xo =X
Similarly, the nth divided difference for the argumentsX,, X, X,,-:- - ,X, is denoted by f(Xy, X, X,, -+ ,X,) or
A" f (x) and defined as,
f(XO,Xi,XZ, ...... ’Xn): f(XO’XP ...... 7Xn71)_f(X1’X2’ ...... ’Xn)
Xo = Xq
Divided Difference Table
X F() A A’ A°
X, F(%)
F (%, %) y )
f Xor X5 Xy
& () f(x,X,) F % X0 %0 X5)
X, f(x,) (%, %, %)
f (X2' X3)
X3 %)

Properties of Divided Differences: The properties are given as follows:
1) The divided differences are symmetric. i.e, f(X,,%)= f(x,X,).

2) The nth divided differences of a polynomial of the nth degree are constant.
3) The nth divided differences can be expressed as the quotient of two determinants each of order (n+1).

). Newton’s Interpolation formula for unequal intervals: Let y = f(x) be a polynomial which gives f(x,), f(x,),
f(X,), , f(x,) atthe points X,, X, X, -+ , X, (which are not equally spaced)respectively. Then the first divided
difference for the arguments Xand X, is given by,
oy = O 1)
X— X,
or, F(X)= F )+ (X=%) F(x,%) -+ - ®
The second divided difference for the arguments X, X, and X, is given by,
f (X, Xo) —f (Xo’ Xl)
X=X

or, f(X,%)="T(X),X)+(Xx=%x)F(X,Xp,%) - - (2)

PO %00 %) =



The third divided difference for the arguments X, X, X, and X, is given by,

f (X, Xy, X, X,) = (X Xg, X)) = F (%00 X0 X,)

X=X,
or, (X Xy, %)= (XX, %)+ (X=%)F (X X, X, X,) -++ -+ 3)
The nth divided difference for the arguments X, X,, X ,--- - , X, Is given by,
f 06X, X, oo X)) = T (X, X, oo X ) (X=X ) (X Xgy Xppe e oo X ) e (4)

Multiplying Eq.(2) by (Xx—%,), EQq.(3) by (X—X,) (x—X;)and so on and finally the Eq. (4) by (X—X,) (X—X,)
------ (x—X,_,) and adding with Eq.(1) we get,
f (X) = f (Xo) + (X_ Xo) f (Xov X1)+(X_Xo)(x_ X1) f (Xo’ X Xz)"‘ (X—Xo)(X—Xl)(X— Xz) f (X01 WTRON Xa)
...... -I-(X—XO)(X—Xl)(X—XZ)-” (X_anl)f(xmxlixzf" ...Xn)+Rn... (5)
where R = (X=X )(X =X ) (X=X, )+ -+ (X=X,) T (X, X0 Xpy Xpyeoe e X )
If f(x) be a polynomial of degree n, then the (n+1) th divided difference of f (x) will be zero.
SR Xy, X e , X,)=0
Then the Eq. (5) can be written as,
f(X) = f (Xo)+(x_xo) f (X()’ X1)+(X—XO)(X—X1) f (Xo' Xis X2)+(X—XO)(X—X1)(X—X2) f (Xo1 X Xy Xs)
...... (X=X ) (X=X ) (X=X, e ooe (X=X ;) F (X Xy, X, ooo X, )=+ === (B)

This formula is called Newton’s divided difference interpolation formula for unequal intervals.
I1). Lagrange’s Interpolation formula for unequal intervals: Let y = f(Xx) be a polynomial of degree nwhich gives

f(x), F(x), (%)), , f(x,) at the points X,, X, X,,=- -+ , X, (which are not equally spaced)respectively. This
polynomial can be written as,
F(0) = 8 (XXX =)+ (X=X, )+ B (XX ) (X=X (X = X) + (X=X ) (X X)- -+ (X=X,
...... +an(x_xo)(x_xl)"'"'(X_anl) (1)
putting X =X, in Eq.(1) we get,
FO0) =8 (% =Xx) (% =)+ -+ (% = X;)
f(X)
(Xg = X )(Xg = X, ) e =+ (X — X,)
putting X =X, in Eq.(1) we get,

FOq) =804 =%)(% = %)+ - (% =X;)

or, a, =

or. a = f (%)
! (Xl_XO)(Xl_Xz) ...... (Xl_xn)
Similarly putting X =X,, X=X, ,=-- -+ X=X, in Eq.(1) we get,
_ f(x,)
? (Xz - Xo)(Xz - X1) """ (Xz - Xn)
a - f(x,)
" (Xn - XO)(Xn - Xl) """ (Xn - Xn—l)
Substituting the values of a,,a,,a,, -« --- ,a, in Eq.(1) we get,
(X=X)(X=X;) - (X=X%,) (X=%)(X=X;) - - (X=Xx,) (X=X )(X=%) - (X=X,)
f(x)= f f f
R R o WA iy L e OO i R e ) e R
''''' + (X_XO)(X_Xl)"'"'(X_Xn—l) f(Xn) (2)

(Xn - XO)(Xn - Xl) """ (Xn - Xn—l)
This formula is called Lagrange’s interpolation formula for unequal intervals.



NOTE: The calculation is more complicated in Lagrange’s formula than Newton’s formula. The application of the
formula is not speedy and there is always a chance of committing some error due to the number of positive and negative

signs in the numerator and denominator of each term.

Comparisons between Lagrange and Newton Interpolation:
1). The Lagrange and Newton interpolating formulas provide two different forms for an interpolating polynomial,

even though the interpolating polynomial is unique.
2). Lagrange method is numerically unstable but Newton's method is usually numerically stable and computationally

efficient.
3). Newton formula is much better for computation than the Lagrange formula.

4). Lagrange form is most often used for deriving formulas for approximating derivatives and integrals
5). Lagrange's form is more efficient then the Newton's formula when you have to interpolate several data sets on the

same data points.

Problem-01: Using Newton’s divided difference estimate f (8) & f (15) from the following table.

X 4 5 7 10 11 13
f(x) 48 100 294 900 1210 2028
Solution: The divided difference table is as follows:

X f(x) Af (X) A% f(X) AF(x) | A*F(X)

4 48
100 -48 _52

5 100 5-4 97-52 .

-4 21-15

294-100 ——-1

7 294 75 202-97 . o4 0
900-294 . 1o-e 2171’_251 -1

10-7 B

10 900 HEE a7 0

1212:19(?0 =310 38-27 _,
13-7
11 1210 409 -310 _
13-10
2028-1210 ~ 409
13-11
13 2028

Here, X, =4, X, =5, X, =7, X, =10, x, =11, X, =13
f (%) =48, T(X,,%)=52, f(X,,%,X%)=15 f(x,%,X,,%)=1

By Newton’s divided difference formula we get,

F(X) = (%) +(X=%) £ (%0, X)) + (X=X )(X = X)) F (X5, %, X, ) + (X=X )(X = X ) (X = %) £ (%, X1, X5, X3)

...... + (X=X ) (X=X ) (X=X, )= o (X=X 1) T (Xgs Xy Xy ov ==X, )

=48+ (X—4)x52+(x—-4)(x=5)x15+ (x—4)(x-5)(x-7)x1
= 48+52x — 208 +15x* —135x + 300 + x* —16x” +83x —140

L) =x3=%°

Now f(8)=8°-8°=512—64 =448 (Ans.)

And f(15) = (15)° — (15)* =3375-225=3150 (Ans.)



Problem-02: Using Newton’s divided difference estimate f(x) from the following table.

X -1 0 2 3 4
f(x) -16 -7 -1 8 29
Solution: The divided difference table is as follows:
X f(x) Af (x) A% f(X) AF(x) | A*F(X)
-1 -16
-7+16 _9
0 7 0+1 3.9 _
“17 g o 23++21 =1
2 -1 2-0 9-3 _, 0
o1 o oz
3-1 21-9
3 8 1.2 ¢
29-8 01
4-3
4 29

Here, X, =-1 X, =0, X, =2, X, =3, X, =4
F (%) ==16, (%, %) =9, (%, X %,) =2 (%, X, %, %) =1
By Newton’s divided difference formula we get,
f(X): f(Xo)"'(x_xo)f(X01X1)+(X_Xo)(x_x1)f(Xo'X1'X2)+(X_Xo)(x_x1)(x_xz)f(X01X1’X21X3)
""" +(X—X0)(X—X1)(X—X2)~-- (X_anl)f(xovxpxzf" "'Xn)

=-16+(X+1) x99+ X(Xx+1)x (—2) + Xx(X+1)(x—2) x1
=—16+9X+9—-2x" —2x+ x> —2x* + x> — 2X

s () =x3-3x*+5x-7  (Ans.)

Problem-03: Using Lagrange’s formula estimate f (x) from the following table.

X 0 1 2 5
f(x) 2 3 12 147

Solution: Here, X, =0, X, =1, X, =2, X, =5
f(x,)=2, f(x)=3, f(x,)=12, f(x;) =147

By Lagrange’s formula we get,

£ 00 = XTXIXX) -+ %)

L (X=x)(X=x) - w—&)fwo,(»ﬂwu—&) ------ (X=x,)
(% —X)(% =%) =+ —X,)

TR X) (= X)0 —X) e ( —X,)
KX %) (XX, )
(Xn - Xo)(xn - Xl) """ (Xn - Xn—l)

f0%) (%)

F(x,)

_ (x=D(x=2)(x-5) ‘9 (x=0)(x=2)(x-5)
(0-1)(0—-2)(0-5) @-0@1-2)------ 1-5) (2-0)(2-1)(2-5)
X3 —8x* +17x-10 X3 —7x? +10x x® —6x% +5x
= x2+ X3+ X
-10 4 -6
3 2 3 2 3 2
_ X +8x 5—17x +10 N 3x —21;( +30x 9% 41252 —10x + 49x —1A;Z)x +98x

G-0(5-)5-2)

X% —3%% +2X
X

12+ 147

“34 (x=0)(x=D(x-5) «12+ (x=-0)(x-1(x-2) <147



- 2_10 (—4x% +32x% —68x + 40 +15x° —105%* +150X — 2X° +12x* —10x + 49x° —147x + 98X)
= 2—]6 (20x° +20x* — 20X + 40)
=X+ X —x+2

AT =X +X—x+2  (Ans.)

Problem-04: Using Lagrange’s formula estimate f (10) from the following table.

5 6 9 11
f(x) 12 13 14 16

Solution: Here, X, =5, X, =6, X, =9, X, =11 & x=10

f(x,) =12, f(x) =13, f(x,)=14, f(x,)=16
By Lagrange’s formula we get,
F(9= (X=X)(X=%,)----- (X=X, F(o)+ (X=X)(X=X%,)-----{X—X)) F(0)+ (X=X)(X=%)-----{X—X))

06 =)0 %)+ (% —X,) (=) (% =)+ —X)) 06 =%)06=%)-++- (%, —X,)
(X—XO)(X—Xl) """ (X_Xn—l)

(%,)

(X — X)Xy = X)- e+ (Xy = X,1)
:(10—6)(10—9)(10—11) <12+ (10-5)(10-9)(10-11) 13+ (10-5)(10-6)(10-11) 4+ (10-5)(10-6)(20— 9)

(%)

(5-6)5-9(5-11) (6-5)(6-9)(6-11) (9-5)(9-6)(5-11) (11-5@11-6)(11- 9)
= —4x12+—x13+£x14+§x16
24 15 -24 60

=2-4.333+11.667 +5.333
=14.667 (Ans.)

Problem-05: Using Lagrange’s formula estimate 3/55 from the following table.

50 52 54 56
f(x) = g/; 3.684 3.732 3.779 3.825

Solution: Here, X, =50, X, =52, X, =54, X, =56 & x =55
f(x,)=3.684, f(x)=3.732, f(x,)=3.779, f(x,)=3.825
By Lagrange’s formula we get,
F(9)= (X=X)(X=X) - (X =X,) F(0)+ (X=X)(X=X,)- - (X =X)) F(0)+ (X=X)(X=X)- - (X=X))

06 =X =%,)- -+ (% —X,) 04 =%)0¢ %)+ —X)) 06 =) (% =X)- -+ (%, —X,)
...... + (X_X)(X X) ( _anl) f(Xn)

(Xp = X ) (X = %) oo oo (Xy = X,1)
_ (B5-5)(S5-54)(55-56) o, (B5-50)EE-5A)(E5-56) ., , (5-50)(85-52)(85-56) .. (85-50)(55-52)(55-54)
T (50-52)(50-54)(50-56)  (52-50)(52-54)(52-56)  (A-50)(54-52(54-56)  (56-50)(56—52)(56—54)

:—3><3 684+—5><3 732+£ 3. 779+Ex3 825
16 -16 48

48
=-0.23025-1.16625+3.5428125+1.1953125

(%)

x3.825

=3.341625 (Ans.)



Exercise:

Problem-01: Using Lagrange’s formula estimate sin39° from the following table.

X 0 10 20 30 40
f(x) =sinx 0 1.1736 0.3420 0.5000 0.6428
Problem-02: Using Lagrange’s formula estimate 10g5.15 from the following table.
X 5.1 5.2 5.3 5.4 5.5
f (x) =log x 0.7076 0.7160 0.7243 0.7324 0.7404
Problem-03: The following table gives the sales of a concern for the five years. Using Lagrange’s formula estimate the
sales for the years1986 &1992 .
Year 1985 1987 1989 1991 1993
Sales 40 43 48 52 57
Problem-04: Using Lagrange’s formula estimate +/151 from the following table.
X 150 152 154 156
f(x)= Ix 12.247 12.329 12.410 12.490
Problem-05: Using Lagrange’s formula estimate tan(0.15) from the following table.
X 0.10 0.13 0.20 0.22 0.30
f(x) =tan x 0.1003 0.1307 0.2027 0.2236 0.3093
Problem-06: Using Newton’s divided difference formula estimate f (8) from the following table.
X 4 5 7 10 11
f(x) 48 100 294 900 1210
Problem-07: Using Newton’s divided difference formula estimate f (x) from the following table.
X 0 1 4 5
f(x) 8 11 68 123
Problem-08: Using Newton’s divided difference formula estimate f (x) in powers of (x—5) from the following table.
X 0 2 3 4 7 9
f(X) 4 26 58 112 466 922
Problem-09: Using Newton’s divided difference formula estimate f (6) from the following table.
X 5 7 11 13 21
f(x) 150 392 1452 2366 9702
Problem-010: Using Newton’s divided difference formula estimate tan(0.12) from the following table.
X 0.10 0.13 0.20 0.22 0.30
f (x) =tan x 0.1003 0.1307 0.2027 0.2236 0.3093




