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Theoryj'of Motion

i
RN
UL Y

In Chapter 1 we consrdered the p:cture of deformatlon of a continuum
' body at two distinct instants of time with emphasrs on initial and subsequent
configurations of the body without giving, any attention to intermediate
conﬁguranon This chapter analyses a continuous sequence of configuration

~with passage of time. We consrder the motion of a body n wh1ch deformation
contmually vanes wrth t:me f

i el Tlme Rate of Change of a Vector and Tensor Propertles
‘Let us now calculate the material time rate of change of a vector property
" associated with a specific material point of a continuum. When the vector
. .property is expressed in terms of spatial coordinates in spatial description,
in the determination of this time rate, one must take account not only of
Lhe change at a spatial point but also of the change in the ﬂeld 5 obse ved

by the material point due solely to its motion. . . ‘

Let F be any vector property assomated with a matenal pomt whv‘h'

happens to occupy the spatial posmon (xl, X2, x3) at trme t so that in spaual
descnptlon we can write « vt b o

= Sladim iy T

A O e i --avectorfunctronof(xl,xg,xar 1‘) ad (1
i . E 1 P K

i After an mterval of mﬁmtesnmal tlme 6! let thls material pomt move on

toa nelghbounng posmon (xl + le, X3 + Oxz, X3+ 6x3) Let F + SF be
‘ the value of the vector property there Then

|
\
l

F+ BF G(x, + 5x|,.x-,,+ 5x2,x3+6x3, P+ 5:) i) (2)
By Taylor s SBI‘ICS expansmn we wnte

! |
1

a 6t+aG

T;" Bxi Oy, +

F + 5F G('\l! xz,.\l'r, t) +,

R L P P R

g bl F ot S+ ()Xk(Sx ¥ .usrrrg() i
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70 Mathematical Theory of Continuum Mechanics
The chahge in F in time interval & is givcn by -

Sf'zaFrS +—5xt

o o
' - ) : i
Therefore the time rate of change of F at the in{tant t is given by
.F‘ -d—F— lim SF _ aF oF .45 othcrtcﬁns vanish as 6t = 0
dt 50 8t Ot &rk dr’
dF (9  dx 9 g . (B
7 - _‘(E“' di ax,;) _

The first term on right hand side of equation (3) represents the rate of
change of f‘ at a particular location in space, regarded as fixed due to
change in time only noted by a fixed observer and is pa_lled local rate of

-~

change of F. The second term dx OF gives the rate of change of F at

dt ok,
a particular time due to the movement or convection from one location

to another and is known as the convective rate of change of F and

dF ‘Zf dx" ng is called the total time rate of change of F or
k

substantlal rate of change of F noted by an observer moving with the
continuum.

In material description when vector property F assocnatcd with a material
-point is expressed in terms of material coordinates (X1, X5, X3) where (X,
X, X3) are initial cartesian coordinates of the material point, then

F = F(Xy, X, X3, 1) 4)
The time rate of change of F is given by
dF _ ym 8F _ o FXWXo, Xa 1+ 81) = F(X,, X, X, 1)
dt 5150 6t s190 ot
or ﬁi g >
ar = or - =
Similarly, for a scalar property f=f(x,, x,, x3, £),
-.‘_-——ﬁ_‘—____

af _ (3 dxy 9 )'f

ar ot o

and for a scalar property f = f(X,, Xa, X3, 1)

L
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A E g = 0 7 LA

df L 9f (6)
.dt ~ dt

defined to be the time rate of

Velocity: Velocity of a material point IS ial point whose

7] i ter
change of its position. If U be the velocity vector of ama

position vector is 7 at time 7, then
_dF_:
= -a-l? =T

¢ velocity of a material point which happens

t. Then

!

(7)

Let v; be the components of th .
to occupy the spatial position (xy, x, x3) attime

dx; _ . ; (8) .

—_ =X

Vi =t

If X; be the initial coordinates of this material point and u; are components
of displacement, then

xi=X;+u
and v; = (Xi ) =3,

as X; is independent of time. Thus velocity of a particle may also be defined

as time rate of change of its displacement. If displacement y; is expressed '

in material fonll_

then,
_ du; Ju;.
0 (X1, Xa X3 1) = E (X0, Xa X3 1) = S50 (X0, X, Xs)
dx; | . (10)
and v .—.-B‘r—'(x,,xz,x3,:)=a_;rz.

If on the other hand the displacement is given in spatial form, then

1"

d ; aui dxk :
L0, Xay X3 = HT[!!,'(-‘-']. X2, I3..f)3 = -I- + 1 3 using {6) -

or U,-:W'*'U*H,-Yk = W'FUJ'H;J us1ng(8) (ll)

In equation (11) velocity is given implicitly since it appears as a factor
of the second term.
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TN 72 Mathemancal Theory of Contmuum Mechamcs #
{ w | 1! " | ) | o ) il ‘| | " I | 'I

b Obs I Usmg equauon (8),,thc matenal time rate of change of vector ;
et PTOPCITY F asgwen in (3), maybewmten ag i b sl

el 8F+,‘,1a4.;1;§£;+é£;v \9F i IF,

el i

| i

BT

Thé operato j = ai (t7 \:/-') ns known as dlfferentlanon followmg the

' ' J‘ R
i A ./ motion. . i ]‘“'.15:1 Dl -
_ Obs 2. The matenal ttmc rate of change a tensor property P,] can be
o wrmen B, ot o i s g1y f iy Wi
el D ‘ Che by ‘ R AR VAT O P Loy e e o
|y g P ""3P i i b g
o Lo iy SRR e e B ) AL i
) “‘ ‘I/ (i I H ‘AH, o W I""TL‘(xl"w{ xz' x’3, r)”— ' at (xl'- Xz, xj, t) + kau'k (13)
) \ y \ J “‘ | “l"""” R m‘,‘ ren “ "‘\I.lm_.
“ Acceleratlon The acceleratxon of a matena] pomt 1s deﬁned as the tlrne
rate of change of its' velocnty A i ”\ AR s :
[ oy If vy be components of velocnty and f, components of acceleratlon then
f‘!"\ 8 ‘_ it Jl"(".‘:\;""“ ‘N-".',““ ; KT
! R il (]4)
| »‘ N / ‘( I ;
| [ .i ‘
) If the veloc:ty IS glven m matenal form then‘ b e
o ‘1 A Wt d b s e VTR AN ‘
g i 8 i vi= Xy, Xy, Xs, )
M chep b sl SRR A
il e | l‘;. RN )' J, II! !" | ‘\\Iu “‘, \
e y d i SN R |

[y ittt r:..’lt-‘-"i{ M
L" 4{| ";tft’.:dt UI(LXII XZ) X]o t) I(15)

Iy I |‘ R, M tl“\ .f/‘“:“:"‘ \‘ i . ()
If on the other hand the ldcnty is given m spat1a1 form, then
N L I I i i ! i
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