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v (et @)
94 4 .
wh1ch:>a¢’ 6¢__ _aﬁ_o Vi ‘V - -~V v
x oy 5 U everywhere : 4
= ¢ isindependent of x, 3, ; '\)A:, TPy '

ie, @ =constant everywhere .+ 9

; - lsnF7 T
. @, — @, = constant, CPI d
1e., ¢, and @, can differ onlybya constant Therefore the velocity distribution given by ® and @, arc
identical and hence two motions are 1dent1ca1

6.15 Motion in Two Dimensions :
Suppose a fluid moves in such away that at any glven instant the flow patternin a certain plane is the same
as that in all other parallel planes within the fluid. Then the flow is said to be two-dimensional.

Ifwe take any one of the paralle] planes to be the plane z=0, then at any point in the fluid having cartesian
co-ordinates (x, ¥ z),all phy51cal quanutm (velocity, pressure, density, etc.) associated with the fluid are independent

_ofz Evidently in this case

w=0and u =u(x,y,t), v:v('x,y,_t)where V%(u,v,W) =(M,V,0)-

6.16 Lagrange’s Stream Function (Current function):

In case of two-dimensional motion, the differential equation of the stream lines are given by

& _dy
u v ‘
Cie vdx—udy=0 ..o ()

The equation of continuity for incompressible fluid, in two dimensions is
ou Oov '
—+==0 (ii)
ox oy

ie. @ = 2(_11)
oy ox

“ |
Above result shows that (i) is an exact differential and let it will be dy , i.e.,

vdx - udy =d!//=%—wdx+a—v£dy
. X

v
which =, =¥ _ 0y . .. (i)
Oox oy
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Mechanics of Continous Media

.................................
---------------------------
-----------------
------------
.......
-------
----------

Now, (i) takes the form as
dy=0
Int, W =comstant.............- (iv) '
- This function y = w(x,) is called the stream functt'on or current function.
Since the stream lines are given by (i), s0 it follows that stream function is constant along the streamj, "
Note-1. Stream fiinction exists for all types of two dimensions] motion-rotational or irrotational.
Note-2. The necessary conditions for the existence of y are:

D

i) the flow must be incompressible.-

the flow must be continuous,

Note-3. The existence of a stream function is a consequence of stream lines and equation of continuity f;,
incompressible fluid, -

Note-4. ¢ and y are conjugate functions.

Proof. For irrotational fluid motion we have

V= —W; where @ is velocity potential

Du=- 6¢v %
) oy

If  is a stream function, then

oy ox
Op _0y dp _ 0oy
ox oy By ox

: v 8oy b
Vz :—l‘y—+—=—— ——!/i - al
So, l// axz @}2 ax( ax )+ ay(

Again, u=-22 v=-20
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................................................................................................................... Mechanics of Continous Media

.2 %0),2( dp)_
.'Gx( 6x)+@y( _ay—J_O

_[az_¢+a_zqq:| =0
ox* |

(1) and (ii) implies that ¢ and W both satisfies Laplace’s equationi.e., ¢ and ¥ are conjugate functions.
Note-5Existence of @ and v : -

)  Thestream function ¥ exists whether the motion is irrotational or not.
i)  The velocity potential @ exists only when the motion is irrotational.
m)  When motion is irrotational, @ exists.

i) @ and ¥ both satisfy Laplace’s equation and
op 51,1/ a;o oy

& 'y o
Note-6 The family of curves ¢{(x, y) = constant and w(x,y) = constant, cut orthogonally at their points of
intersection. ‘

Proof. ¢(x,y) =constant dp =0 |

- Op Op
—dx+—dy=0
1Le., ™ Y }’
b__o
dx @,

which is the gradient of tangent to the curve ¢ = constant.

=m,,say

Again, !//(x,y) = constant = dy =0

a—de-l-gza'yzﬂ

e ° o £y
LAy v,
..d—x——;;—m.'z’say

which is the gradient of tangent to the curve ¥ =constant.
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Mechanics of Continous Media

@ v, |_#,_ Y =-1
N mxm, =| —X _rx [==x
ow, 7 Xm, ( CD)J ( Wy] v (-u)

: func
Hence the curves of constant potential and constant stream

mtersection.

tions cut orthogonally at their pointg of
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\1) - Ine flow must be incompressible.

33. The difference of the values of ¥ at the two points repre-
Sents the flux of q fluid across any curve Jjoining the two points.

Proof. Suppose ds is a line element at a point P(x,y) ofa

curve 4B. Let the tangent PT

make an angle § with Xx-axis.
Let PN be normal at P and
(u, v) the velocity components
of the fluid at P. Direction
ccsines of the normal PN are

cos (90+-6), cos 0, cos 90,
ie., —sin 6, cos g, 0.

(For PN makes angles
9044, 6, 90 with X, Y, Z axes
respectively

¥

Fl%E‘O

Inward normal velocity=n.q, in usual notation |
=u (—sin 9)+v (cos §)4(0).0

—u sin §+4-v cos 4.

Flux across the curve AB from right to left
=density.normal velo.area of the cross section

=§ P tﬁ.q) ds=5 P (—u sin 9+ cos 8) ds
AB AB
=p

dy = dx o, dy
LB [—u ‘F-i-v T ] ds as tan e—.dx

-
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