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The partial differential equation (PDE) is one of the most important and useful
topics of mathematics, physics and different branches of engineering. But, finding of
solution of PDEs is a very difficult task. Several analytical methods are available to
solve PDEs, but, all these methods need in depth mathematical knowledge. On the
other hand numerical methods are simple, but generate erroneous result. Most widely
used numerical method is finite-difference method due to its simplicity. In this module,

only finite-difference method is discussed to solve PDEs.
1.1 Classification of partial differential equations

The general second order PDE is of the following form:

0%u 0%u 0%u ou ou

i.e., Atgy 4+ Bugy + Cuyy + Dug + Euy + Fu = G, (1.2)

where A, B,C, D, E, F, G are functions of x and y.
The second order PDEs are of three types, viz. elliptic, hyperbolic and parabolic.
The type of a PDE can be determined by finding the discriminant

A = B? — 4AC.

The PDE of equation (1.2) is called elliptic, parabolic and hyperbolic according as
the value of A at any point (z,y) is < 0,= 0 or > 0.
Elliptic equation

The most simple examples of this type of PDEs are Poisson’s equation

Pu

= 1.
and Laplace equation
*u  0%u 9
@4‘8—%:0 or VUIO. (1.4)

The analytic solution of an elliptic equation is a function of  and y which satisfies
the PDE at every point of the region S which is bounded by a plane closed curve C
and satisfies some conditions at every point on C'. The condition that the dependent

variable satisfies along the boundary curve C' is known as boundary condition.



.................................... PARTIAL DIFFERENTIAL EQUATION: PARABOLIC

Parabolic equation

The simplest example of parabolic equation is the heat conduction equation
2
% = a%. (1.5)
In parabolic PDE, time ¢ is involved as an independent variable.
The solution w represents the temperature at a distance x units from one end of
a thermally insulated bar after ¢ seconds of heat conduction. In this problem, the
temperature at the ends of a bar are known for all time, i.e. the boundary conditions

are known.

Hyperbolic equation

The third type PDE is hyperbolic. Also, in this equation time ¢ is taken as an indepen-
dent variable.
The simplest example of hyperbolic equation is the one-dimensional wave equation
2 2
% = 62%. (1.6)
Here, w is the transverse displacement of a vibrating string of length [ at a distance
x from one end after a time ¢.
Hyperbolic equations generally originate from vibration problems.
The values of u at the ends of the string are generally known for all time (i.e. boundary
conditions are known) and the shape and velocity of the string are given at initial time

(i.e. initial conditions are known).
1.2 Finite-difference approximation to partial derivatives

Let x and y be two independent variables and u be the dependent variable of the
given PDE. Now, we divide the xy-plane into set of equal rectangles of lengths Ax = h
and Ay = k by drawing the equally spaced grid lines parallel to the coordinates axes.
That is,

z;=ih,  i=0,+1,+2,...
yj =jk,  j=0,+1,42 ...,



The intersection of horizontal and vertical lines is called mesh point and the 7jth
mesh point is denoted by P(x;,y;) or P(ih,jk). The value of u at this mesh point is
denoted by w; j, i.e. u; ; = u(z;, y;) = u(ih, jk).

The first order partial derivatives at this mesh point are approximated as follows:

s (ih, jk) = % +0(h) (1.7)
(forward difference approximation)
— w +O(h) (1.8)
(backward difference approximation)
Uil — Ui—1j 2
= g Holg 1.
o + O(h?) (1.9)

(central difference approximation)

Similarly,

uy (ih, jk) = % +O(k) (1.10)
(forward difference approximation)
= % +O(k) (1.11)
(backward difference approximation )
Ui j+1 — Uij—1 2
= k 1.12
ok +O(k7) (1.12)

(central difference approximation)

The second order partial derivatives are approximated as follows:

Ui-1,j — 2Uij + Uit

Uge(ih, jk) = w3 + O(h?). (1.13)
o ij—1 = 2Uij + Ui
Uyy (ih, jk) = -l Z2J St +O(K?). (1.14)

The above equations are used to approximate a PDE to a system of difference equa-

tions.

1.3 Parabolic equations

Here, two methods are described to solve a parabolic PDE.

Let us consider the following parabolic equation known as heat conduction equation

ou 0%u
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with the initial condition u(x,0) = f(x) and the boundary conditions u(0,t) = ¢(t),u(1,t) =
P(t).

1.3.1 An explicit method

We approximate the given PDE by using the finite-difference approximation for u;
and ug, defined in (1.10) and (1.13). Then the equation (1.15) reduces to

Wij1 = Wij | Wimlj — 2Uij + Uil
~ ) 1.16
where x; = ih and t; = jk; 1,7 =0,1,2,....
After simplification the above equation becomes
Ui g1 = rui—15 + (1= 2r)uij + ruij, (1.17)

where r = ak/h?.

From this formula one can compute the value of w; ;41 at the mesh point (7,7 + 1)
when the values of w;_1 j,u; j and u;41,; are known. So this method is called the explicit
method. By stability analysis, it can be shown that the formula is stable, if 0 < r < 1/2.

The grids and mesh points are shown in Figure 1.1. For this problem, the initial and
boundary values are given. These values are shown in the figure by filled circles. That
is, the values of u are known along x-axis and two vertical lines (¢ = 0 and ¢t = 1). Also,
it is mentioned in the figure that if the values at the meshes (i —1,75), (¢,7) and (i+1, j)
are known (shown by filled circles) then one can determine the value of u for the mesh
(i,7 + 1) (shown by circle).

Example 1.1 Solve the following heat equation
ou  0%u

ot Ox?

subject to the boundary conditions u(0,t) = 0,u(1,t) = 3t and initial condition u(zx,0) =
1.5z.

Solution. Let h = 0.2 and k = 0.01, so r = k/h? = 0.25 < 1/2. The initial and

boundary values are shown in the following table.
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Figure 1.1: Known and unknown meshes of heat equation

7 =>51t=0.05 0.0 0.15
7=4,t=0.04| 0.0 0.12
7=3,t=0.03| 0.0 0.09
7 =2,t=0.02 0.0 0.06
7=1t=0.01 0.0 0.03
j=0,t=0.00| 0.0 0.3 0.6 0.9 1.2 0.00
r=0 =02 x2=04 =06 =08 zx=1.0
1=0 =1 1=2 1 =3 1 =4 1=25

ou Ui 41 — U g
Using the finite difference approximations Fri % and
aQU . Ui—1,5 — 2ui7j + Uj4-1,5

0x2 h2

, the given PDE reduces to

1
Uit = 3 (Uin15 + 20 + tig)-
From this equation, we get

1
U1 = Z(UQO + 2Ul,O + U2,0) =0.3

1
Ug1 = Z(uLo + 2ug0 + uzp) = 0.6

and so on.



The values of u for all meshes are shown in the following table.

PARTIAL DIFFERENTIAL EQUATION: PARABOLIC

j=05,t=0.05 0.0  0.28104 0.50125 0.56968 0.42396 0.15
7=4,t=0.04] 0.0 0.29264 0.53888 0.63460 0.47062 0.12
7 =3,t=0.03 0.0  0.30000 0.57656 0.71438 0.53906 0.09
7 =2,t=0.02 0.0  0.30000 0.60000 0.80625 0.64500 0.06
7j=1t=0.01 0.0 0.30000 0.60000 0.90000 0.82500 0.03
7 =0,t=0.00 0.0  0.30000 0.60000 0.90000 1.20000 0.00
r=0 x2=02 =04 x2=06 x=08 x=10
1=20 1=1 1=2 1=3 1=4 1=25

1.3.2 Crank-Nicolson implicit method

The above explicit method is very simple and it has limitation.
stable if 0 < 7 < 1/2, i.e. 0 < ak/h? < 1/2, or ak < h%/2. That is, the value of k

must be chosen very small, and it takes time to get the result at a particular mesh. In

This method is

1947, Crank and Nicolson have developed an implicit method which reduces the total

computation time. Also, the method is applicable for all finite values of r.

In this

method, the given PDE is approximated by replacing both space and time derivatives

by their central difference approximations at the midpoint of the points (ih,jk) and
(th, (j + 1)k), i.e. at the point (ih, (j + 1/2)k). To use approximation at this point, we

write the equation (1.15) in the following form

Uiyj+1 — Uiyj

(&)l
ot i,j+1/2

_aK

&) a
dx? i,j+1/2 2

AT
0x2 i

J

@) }
dx? i,j+1

Then using central difference approximation the above equation reduces to

Wit1j+1 — 2Uij4+1 + Ui—1j+1

k

2

h2

_a [UHLJ — 2Uij + Ui

+

After simplification, we get the following equation

h2

(1.18)

|

—TUi—1j+1 F (2 + 2r)ui,j+1 — TUit1,54+1 = TUi—15 + (2 — 2?”)Ui,j + Ui+, (1.19)

where r = ak/h? and j = 0,1,2,..., i

sions of z.

6

1,2,...,(N —

1), N is the number of subdivi-



In general, the left hand side of the above equation contains three unknowns values,

but the right hand side has three known values of u.
The known (circle) and unknown (filled circle) meshes are shown in Figure 1.2.

Forj=0andi=1,2,...,N—1, equation (1.19) generates N simultaneous equations
for N — 1 unknown wj 1,u21,...,un—1,1 (of first row) in terms of known initial values
Uu10,U20,--.,un—1,0 and boundary values ug o and uy . Thus, for this problem initial

and boundary conditions are required.

Similarly, for j =1 and ¢ = 1,2,..., N — 1 we obtain another system of equations
containing the unknowns wuj2,u22,...,un—12 in terms of known values obtained in

previous step.

Thus for each value of j (j = 2,3,...), there is a system of equations.

'S o

o ®
7+1
O O O O ® @& unknown values
J ® known values
[ ®

® ® ® ® ® ® o~
1=20 t—1 4 1+1 1=N

Figure 1.2: Meshes of Crank-Nicolson implicit method

In this method, the value of u; ;11 is not expressed directly in terms of known values
of uw’s obtained in earlier step, it is written as unknown values, and hence the method

is implicit.

The system of equations (1.19) for a fixed j, can be expressed as the following matrix

notation.



[ 2t2r —r 11 UL,j+1 ] [ dy,j ]
—r 242r —r U2,5+1 da,;
...... e e U37j+1 = d37j (120)
—r 282r —r : :
i —r 2420 | | un_1j41 | | dn-1 |

where

dl,j = Tug,j; + (2 - QT)uLj + ru2,5 + TUQ,j+1
d@j =ru;—1;+ (2 — QT)UZ'J + Ty, 1=2,3,...,N —2

dn-1j =TuN-25+ (2 = 2r)un—1; + TuN; + TUNj+1-

Note that the right hand side of equation (1.20) is known.
This is a tri-diagonal system of linear equations and it can be solved by any method

discussed in Chapter 5 or the special method for tri-diagonal equations.

1

Example 1.2 Solve the following problem by Crank-Nicolson method by taking h = 1
11

and k = g, E

ou  0*u
E_@7 O<x<1,t>0

where u(0,t) = u(1,t) = 0,t > 0,u(z,0) = 3z,t = 0.

Solution. Case 1. )
1 1
Let h = 1 and k = 3 Therefore, r = 72 = 2.
The Crank-Nicolson scheme is

TUi—1,541 T Ui g1 T Ui 1,41 = Ui—1,5 — Ui+ Ui

The initial and boundary conditions are shown in Figure 1.3.
The initial values are ugg = 0,u1,0 = 0.75,u20 = 1.5,u30 = 2.25,u40 = 3 and the

boundary values are ug1 = 0,u41 = 0.

8



Up,1 UL |U2,1 U3l U4

=1, t=% : :
u u u u u
=0, t=0 | 0,0 1,0 2,0 3.0 4,033

1=0 =1 =2 =3 i=4

_ -1 .1 .3
=0 z=3 x=5 x=7 z=1

Figure 1.3: Boundary and initial values when h = 1/4,k = 1/8.

The unknown meshes are A(i = 1,7 =1),B(i =2,j =1) and C(i = 3,j = 1). Hence

the system of equations is

—up,1 + 3Uu1,1 — U1 = Up,0 — U1,0 + U2
—u1,1 + 3u21 — U311 = U0 — U2,0 + U3

—Ug,1 + 3U3,1 — Ug,1 = U0 — U3,0 + Usy-
Using initial and boundary values the above system of equations becomes

0+ 3urs — gy =0—0.75 + 1.5 = 0.75
—u1,1 + 3UQ,1 — U311 = 0.75—-154+225=1.5
—u21 + 3U371 +0=15—225+3.0=2.25.

This is a system of three linear equations with three unknowns. The solution of this
system is
ur,1 = 1(0.25,0.125) = 0.60714, ug,1 = 1(0.50,0.125) = 1.07143,
ugz,1 = 1(0.75,0.125) = 1.10714.

Case II.

1 1 1
Let h = T k= 6 Therefore, » = 1. To find the value of v at t = 3’ we have to solve
two systems of tri-diagonal equations in two steps.

The Crank-Nicolson scheme is

—Ui—1+1 T AU 1 — i1 j+1 = Uim15 + Uit1,5-

For this case, the initial and boundary conditions are shown in Figure 1.4.
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t
‘o gl up2 | U12 | U222 | U322, U42
J=5 07 D [E [F

U1 | ULl | U2,1 | U311 | U4
j=1, t=15

A B [C
. Upo | U1,0 | U2,0 | U3,0| U4,0
7=0, t=0 ® ® ® T
i=0 i=1 i=2 =3 i=4

_ -1 1 .3 __
=0 r=5 x=35 =7 z=1

: PARABOLIC

Figure 1.4: Boundary and initial values when h = 1/4,k = 1/16.

That is, the initial values are, ugg = 0,u1,0 = 0.75,u20 = 1.5,u39 = 2.25,us9 = 3

and the boundary values are up,; = 0,u4,1 = 0;up2 = 0, ug2 = 0.

Here, r = 1, so the middle term of right hand side of Crank-Nicolson equation

vanishes. Thus the Crank-Nicolson equations for first step, i.e. for the mesh points

Ai=1,j=1),B(i=2,j=1) and C(i = 3,7 = 1) are respectively
—ug,1 +4u11 — uz1 = up,0 + U0
—u1,1 +4ug1 —uz 1 =uo+uzp

—U2,1 +4uz1 — us1 = u20 + Ugp.

That is,
durp —u21=04+15=15
—u11 +4ug 1 —ug1 =0.75+2.25 = 3.0
—ug1 +4uz1 = 1.5+ 3 =4.5.
The solution of this system of equations is
w11 = 1(0.25,0.0625) = 0.69643, ug1 = u(0.50,0.0625) = 1.28571,
ugz,1 = u(0.75,0.0625) = 1.44643.
Again, the Crank-Nicolson equations for the mesh points
D(i=1,j=2),E(i=2,7=2)and F(: = 3,j = 2) are respectively,
—ug,2 +4u1 2 — U2 = up,1 + U1
—u12 +4uz o —uz2 =ui 1 + Uz
—U22 +4uz s — us2 = uz1 + Us.

10



Using boundary conditions and values of right hand side obtained in first step, the

above system becomes

4U172 — U292 = 0+ 1.28571 = 1.28571
—uy2 + 4U272 — U3 = 0.69643 + 1.44643 = 2.14286
—u22 + 4U372 = 1.28571 + 0 = 1.28571.

The solution of this system is
ur2 = 1(0.25,0.125) = 0.52041, ug 2 = u(0.50,0.125) = 0.79592,
ug2 = u(0.75,0.125) = 0.52041.

11
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Self Assessment (MCQ)

12

. To solve the heat equation % = «

. The PDE 8 e + 2 8 = g(z,y) is known as

(a) Wave equatlon
(b) Head equation

(c) Poisson’s equation
(d) None of these

. The wave equation is a

(a) Parabolic PDE
(b) Elliptic PDE

(c¢) Hyperbolic PDE
(d) None of these

. The forward difference approximation of u,(x;,y;), where x; = xo+ih,y; = yo+jk

is

a) ==t + O(k)
b) “”“ =L+ O(k)
c) 7“ o=+ O(k?)

(
(
(
(d) = ﬂ“ =2+ 0(h)

. The central difference approximation of u,(x;, y;), where z; = zo+1ih,y; = yo+jk

ui,j*Zi,j—l —I-O(k)
ui,j+12_kui,j—l —|—O(k‘2)
¢) HELHELL 4 O(h?)
d) ui,j*;:i—l,j +O(h)

du 2%u
Ox2

fi(t),u(1,t) = f2(t) and initial condition u(z,0) = g(x) by explicit method
a)
b)

c) four values of u are required to get the next value

with the boundary condition u(0,t) =

two values of u are required to get the next value

(
(b) three values of u are required to get the next value
(
(

d) none of these



6. The iteration scheme u; j+1 = ruj—1,; + (1 — 2r)u; j + rujp1,;, where r = ak/h? to
solve the % = a% is stable, if
(a) 0.5 <7 <1.0
(b)0<r<05
(c)l<r<15
(

d) for all values of r

7. Crank-Nicolson method converts a parabolic PDE into
(a) a system of ordinary differential equation
b) a system of tri-diagonal linear equations

(
(c) two first order PDEs
(

d) an explicit algebraic equation

8. Crank-Nicolson method, to solve a parabolic PDE, is an

(a) explicit method (b) implicit method

9. The explicit iteration scheme w; j41 = ru;—1; + (1 — 2r)u; j + rujy1,j, where r =
ak/h? to solve the heat equation % = a% gives more better result than Crank-
Nicolson method.

(a) true (b) false

10. The PDE % + giyij = 0 is known as wave equation.
(a) true (b) false

11. Is ui_l’j_QZQ’ﬁui“’j + O(h?), where z; = zo + ih,y; = yo + jk the finite difference
approximation of gz (x;, y;)?
(a) yes (b) no

12. The forward difference approximation of the heat equation % = a% ig-e-nn- .

Answer to the questions
1. (¢

2. (c)
3. (b)
4. (c)

13
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12. wjy1 = rui—1; + (1 — 2r)u; ; + ruiqq 4, where r = ak/h?

14



Self Assessment (Long Answer Questions)

1. Solve the heat equation

ot~ “o2?
subject to the conditions u(z,0) = 0,u(0,t) = 0 and u(1,t) = 2t, taking h =
1/2,k = 1/16.

0? 0
2. Given the differential equation —ZZL = _1: and the boundary condition «(0,¢) =
x
u(5,t) = 0 and u(z,0) = 2%(30 — 22). Use the explicit method to obtain the
solution for x; = ih,y; = jk; 1 =0,1,...,5and j =0,1,2,...,6.
u 0u
ot Ox?’
. . ou ou
t=0,0 <z <1/2 and with boundary conditions Iz =0atx=0and 9z =1at
x x
x =1/2 for t > 0, taking h = 0.1, k = 0.001.

3. Solve the differential equation 0 <z < 1/2, given that v = 0 when

4. Solve the following initial value problem f; = f,., 0 < & < 1 subject to the initial
condition f(z,0) = cos %x and the boundary conditions f(0,¢) =1, f(1,¢) = 0 for
t >0, taking h = 1/3,k = 1/3.

5. Solve the parabolic differential equation u; = uz;,0 < z < 1 subject to the

boundary conditions © = 0 at x = 0 and = 1 for ¢t > 0 and the initial conditions

(2.,0) 2z for 0 <z <1/2
u(x,0) =
21 —xz) for1/2 <z <1,

using explicit method.

15
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